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Time-Varying State Constrained Robotics Systems
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Abstract—In this paper, we design an adaptive neural
network (NN) controller of uncertain n-joint robotic systems with
time-varying state constraints. By proposing a nonlinear map-
ping, the robotic systems are transformed into the multiple-input,
multiple-output systems. Compared with constant constraints,
the time-varying state constraints are more general in the real
systems. To overcome the design challenge, the time-varying bar-
rier Lyapunov function is introduced to ensure that the states
of the robotic systems are bounded within the predetermined
time-varying range. The NN approximations are employed to
approximate the uncertain parametric and unknown functions
in the robotic systems. Based on the Lyapunov analysis, it can be
proved that all signals of robotic systems are bounded; the track-
ing errors of system output converge on a small neighborhood
of zero and the time-varying state constraints are never violated.
Finally, a simulation example is performed to demonstrate the
feasibility of the proposed approach.

Index Terms—Adaptive control, barrier Lyapunov func-
tion (BLF), neural networks (NNs), robotic systems, state
constraints.

I. INTRODUCTION

OVER the past decade, with the development of the
adaptive design technique, the neural networks (NNs)

and fuzzy logic systems have become the two main tools which
can effectively deal with the unknown functions or parame-
ters in the systems. For example, the adaptive fuzzy inverse
compensation control had presented for an uncertain nonlin-
ear system with generalized dead-zone nonlinearity in [1], and
fuzzy asymptotic control method was proposed for nonlinear
input and control directions in [2]. Zhang et al. [3] proposed
fuzzy hyperbolic model to stabilize the nonlinear systems
with states unmeasured in a hybrid fault-tolerant control. The
fuzzy adaptive control is used to approximate unknown non-
linear functions of electric vehicle drive systems in [4]. All of
the above articles have proved the reliability of fuzzy logic
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system to deal with uncertain function or states unmeasured.
As is known to all, adaptive NNs can be also used to deal
with the uncertain systems. For instance, adaptive NNs con-
trol methods were applied to solve the uncertain function in
the multiple-input, multiple-output nonlinear systems [5]–[7].
The proposed agreement methods in [8] have reduced the
running cost for practical multiagent engineering by using
adaptive NNs. In [9], an adaptive NN controller was designed
for the lower triangular nonlinear systems in the situation of
dynamics unmodeled and disturbances. Other notable works
on adaptive NN control strategies include that the authors
in [10]–[17] dealt with the control problem of the practical
systems, i.e., the stochastic nonlinear strict-feedback systems,
the permanent magnet synchronous motors systems, the uncer-
tain switched nonlinear systems, and the heterogeneous linear
multiagent systems. It is worth note that the above control
method does not consider the effect of constraints on the
system.

Generally, due to security reasons and environmental pro-
tection and other factors, the various forms of constraints
appear in most physical systems inevitably, such as the nonuni-
form gantry crane systems [19], the continuous stirred tank
reactor [20], and the drilling riser system [21]. For the con-
trol problem of nonlinear systems with output constraints,
the approach from adaptive control was first presented to
research the nonlinear strict feed-back systems with output
constant constraints by using a new-style barrier Lyapunov
function (BLF) in [22]. Subsequently, the research on the out-
put constraint is springing up in various systems [23]–[25]
dealt with unknown output nonlinearity, [24] existed unknown
dead zone, and [25] considered input saturation, respectively.
DeHaan and Guay [26] presented an extremum-seeking con-
trol which is one of the methods to deal with the problem of
state constraints. On the other hand, the articles [27] and [28]
considered the two different problems of state constraints by
using BLF and integral BLF, respectively. In [29]–[31], three
adaptive NN tracking controllers were designed to deal with
the state constraints on the pure-feedback systems and nonlin-
ear strict-feedback systems with learning design or Nussbaum
gain. The paper in [32] presented an adaptive control method-
based asymmetric BLF for nonlinear strict-feedback systems
with uncertain parameters. Evidently, the problem of the
time-varying state constraints is more complex, more gen-
eral and more extensive than the previously mentioned con-
straints. Consider the practical state variables in the process
of industrial production changes in time, the article [33]
proposed an asymmetric time-varying BLF (TVBLF) to
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structure the adaptive controller of strict feedback nonlinear
systems.

In recent years, with the development of artificial intelli-
gence technology, more and more robots have been researched
and began to replace the human brain network for perception,
decision-making, and control behavior. The problem of robots
control has aroused wide concerns [34]–[37]. Subsequently,
He et al. [38] have researched for considered input satura-
tion an adaptive impedance controller of an n-link robotic
manipulator to design controller. Afterward, there has been
increasing attention paid on adaptive NN control to deal with
the problem of robotic systems. Sun et al. [39] have presented
the adaptive control method for vibrations of a flexible robotic
manipulator suppressed by using adaptive NNs. Li et al. [40]
developed an adaptive tracking control approach which the
automatic robot control was combined with impedance con-
trol using stiffness transferred from human operators. The
NN controller of biped robots has studied by using radial
basis functions in [41] and an adaptive control design of
a Devanit–Hartenberg model humanoid robot has been devel-
oped in [42]. The adaptive impedance control was developed
in [43] for an upper limb exoskeleton of robotic. However,
it is an urgent problem that how to prevent the violation of
constraints on the robotic systems. As is known to all, the
constraint problem of robotic systems is related to the sta-
bility of the robot. The authors research the flexible crane
system with the output constraints and the uncertain robot
with full-state constraints in [44] and [45]. In [46], the paper
proposed an adaptive NN approach to full-state constraints
on wheeled mobile robotic systems. According to the above
descriptions, we propose an adaptive NN control for uncer-
tain n-joint robotic systems with time-varying state constraints
based on the work of [47].

This paper presents an adaptive control method to deal with
the stability problem of the uncertain n-joint robotic systems
with time-varying state constraints. To the best of our knowl-
edge, there is no work dealing with such robotic systems with
time-varying state constrains in the literature at present stage.
The contributions to this paper have been listed as follows.

1) An adaptive NN control strategy is for the first presented
for robotic systems with time-varying state constraints,
comparing with constant constraint control, the proposed
control strategy in this paper is more extensive to meet
in the field of practical engineering.

2) A novel TVBLF is employed to prevent the violation of
time-varying state constraints. Thus, we can prove that
all the signals of the closed-loop system are bounded and
the state trajectory of the robotic systems without vio-
lation of the time-varying state constraints by Lyapunov
stability analysis.

II. SYSTEM DESCRIPTION AND PRELIMINARIES

A. Robotic Systems Dynamic

The dynamic equations of n-joint robotic systems can be
described as the following form:

M(ϕ)ϕ̈ + C(ϕ, ϕ̇)ϕ̇ + G(ϕ) + JT(ϕ)f (t) = τ(t) (1)

where ϕ ∈ Rn, ϕ̇ ∈ Rn, and ϕ̈ ∈ Rn are the vectors of posi-
tion, velocity, and acceleration, respectively. M(ϕ) ∈ Rn×n

denotes the known symmetric positive definite inertia matrix;
C(ϕ, ϕ̇) ∈ Rn×n is the unknown centripetal Coriolis torques
matrix; G(ϕ) ∈ Rn represents the unknown gravitational vec-
tor; τ(t) ∈ Rn denotes the input vector; and J(ϕ) ∈ Rn×n

describes the unknown reversible Jacobean matrix. Besides,
f (t) ∈ Rn denotes the unknown vector of external disturbances,
and it is demanded uniformly bounded.

In this paper, the states of robotic systems are constrained by

|ϕ| ≤ kc1(t) and |ϕ̇| ≤ kc2(t) (2)

where kc1(t) = [kc1
1
, . . . , kc1

n
]T and kc2(t) = [kc2

1
, . . . , kc2

n
]T

such that ∀t ∈ R+.

B. System Transformation and Basic Assumptions

Define x1 = ϕ and x2 = ϕ̇, the robotic systems (1) can be
transformed the following equation:

⎧
⎨

⎩

ẋ1 = x2

ẋ2 = M−1(x1)
[
τ − JT(x1)f − C(x1, x2)x2 − G(x1)

]

y = x1.

In this paper, the control objective is to design an adaptive
NN controller τ which adjusts the output of robotic systems
x1 = [ϕ1, ϕ2, . . . , ϕn]T to track desired trajectory of the robotic
joint movement ϕd(t) = [ϕd1, ϕd2 , . . . , ϕdn ]T in the range of
time-varying constraint functions. Meanwhile, all signals in the
closed-loop systems are bounded and the time-varying state
constrains are not violated.

In order to achieve the control objectives, we make the
following assumptions.

Assumption 1 [22]: There exist the function vectors X(t) and
Ẋ(t) with X(t) < kc1(t), Ẋ(t) < kc2(t), the function Xi(t) > 0
and Ẋi(t) > 0 such that ϕd(t) and its time derivatives satisfy
|ϕdi(t)| ≤ Xi(t) and |ϕ̇di(t)| ≤ Ẋi(t), i = 1, . . . , n, ∀t ≥ 0.

Assumption 2 [27]: There exist the unknown constants
Kc1

i
(0) and Kc2

i
(0) which satisfy that |kc1

i
(t)| ≤ Kc1

i
(0) and

|kc2
i
(t)| ≤ Kc2

i
(0), where kc1

i
(t) and kc2

i
(t) denote the state

constraints function, i = 1, . . . , n, ∀t ≥ 0.
In addition to solve the constraint problems, we introduce

the following lemmas.
Define the tracking error as z1 = [z11, z12, . . . , z1n]T =

x1 − ϕd = [x11 − ϕd1, x12 − ϕd2 , . . . , x1n − ϕdn]T and z2 =
[z21, . . . , z2n]T = x2 −α1 = [x21 −α11, . . . , x2n −α1n]T where
α1i is a stabilizing function to be designed later on.

Let |z1i| < kb1i and |z2i| < kb2i , where kb1i(t) = kc1
i
(t) −Xi(t)

and kb2i(t) = kc2
i
(t) − Ẋi(t). From the Assumptions 1 and 2,

we can obtain that |kb1i(t)| ≤ kb1i(0) and |kb2i(t)| ≤ kb2i(0)

with the positive constants kb1i(0) and kb2i(0), i = 1, 2, . . . , n.
Lemma 1 [27]: For existing the bounded continuous

function kb(t), if they satisfy the inequality |z(t)| <

kb(t), the inequality log(z2/k2
b − z2) < (z2/k2

b − z2) can be
proved.

Remark 1: From (2), the states of robotic systems
are constrained by the considered time-varying functions.
Compared with full-state constant constraints in [45], the
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presented theory in this paper is more general in engineering
fields.

III. CONTROLLER DESIGN AND STABILITY ANALYSIS

This paper is based on backstepping with the TVBLF
to design an adaptive controller for robotic systems. The
particular control design process is shown in this section.

A. Controller Design

Step 1: Consider the following TVBLF:

V1 = 1

2

n∑

i=1

log
k2

b1i
(t)

k2
b1i

(t) − z2
1i

. (3)

The time derivative of the tracking error z1 is given as

ż1 = ẋ1 − ϕ̇d = x2 − ϕ̇d = z2 + α1 − ϕ̇d. (4)

Then, (4) can also be rewritten as

ż1i = ẋ1i − ϕ̇di = x2i − ϕ̇di = z2i + α1i − ϕ̇di . (5)

Based on (5), the time derivative of V1 yields

V̇1 =
n∑

i=1

z1iż1i

k2
b1i

(t) − z2
1i

=
n∑

i=1

z1i
(
z2i + α1i − ϕ̇di

)

k2
b1i

(t) − z2
1i

. (6)

Design the stabilizing function α1 as

α1 = −ϒ1z1 + ϕ̇d (7)

where ϒ1 = diag{γ11, . . . , γ1n} with γ1i, i = 1, . . . , n being
positive design parameters. Then, (7) becomes

α1i = −γ1iz1i + ϕ̇di , i = 1, 2, . . . , n. (8)

By substituting (8) into (6), we have

V̇1 = −
n∑

i=1

γ1i
z2

1i

k2
b1i

(t) − z2
1i

+
n∑

i=1

z1iz2i

k2
b1i

(t) − z2
1i

. (9)

Step 2: We consider the TVBLF candidate as below

V2 = V1 + 1

2

n∑

i=1

log
k2

b2i
(t)

k2
b2i

(t) − z2
2i

. (10)

The time derivative of V2 leads to

V̇2 = V̇1 +
n∑

i=1

z2iż2i

k2
b2i

(t) − z2
2i

. (11)

Differentiating z2 yields

ż2 = ẋ2 − α̇1

= M−1(x1)
[
τ − JT(x1)f (t) − C(x1, x2)x2 − G(x1)

] − α̇1

(12)

where

M−1(x1) =
[
M−1

1 (x1), . . . , M−1
n (x1)

]T

J(x1) = [J1(x1), . . . , Jn(x1)]
T

f (t) = [
f1(t), . . . , fn(t)

]T

C(x1, x2) = [C1(x1, x2), . . . , Cn(x1, x2)]
T

G(x1) = [G1(x1), . . . , Gn(x1)]
T

α̇1 = [α̇11, . . . , α̇1n]T

with

α̇1i = ∂α1i

∂x1i
x2i +

1∑

j=0

∂α1i

∂ϕ
(j)
di

ϕ
(j+1)

di
.

Then, (12) can be rewritten as

ż2i = M−1
i (x1)

[
τ −JT

i (x1)fi(t) − Ci(x1, x2)x2i − Gi(x1)
]−α̇1i.

(13)

Substituting (9) and (13) into (11), we have

V̇2 ≤ −
n∑

i=1

γ1i
z2

1i

k2
b1i

(t) − z2
1i

+
n∑

i=1

z1iz2i

k2
b1i

(t) − z2
1i

+
n∑

i=1

z2i

k2
b2i

(t) − z2
2i

M−1
i (x1)

× [
τ − JT

i (x1)fi(t)

− Ci(x1, x2)x2i − Gi(x1) − Mi(x1)α̇1i
]
. (14)

Define the vector of unknown function �(Z) =
[�1(Z), . . . , �n(Z)]T and its component can be represented as

�i(Z) = −M−1
i (x1)

[
JT

i (x1)fi(t) + Ci(x1, x2)x2i

+ Gi(x1) + Mi(x1)α̇1i
]
. (15)

Based on the neural approximation, the unknown function is
described by

�i(Z) = W∗T
i Si(Z) + εi(Z) (16)

where W∗
i is the optimal weights of the NN, Si(Z) =

[Si1(Z), Si2(Z), . . . , Siki(Z)]T is the basis function vector,
with ki being the node number of basis function. Z =
[xT

1 , xT
2 , αT

1 , α̇T
1 ] is the vector of NN input. εi(Z), i =

1, 2, . . . , n represents the minimal approximation error to be
bounded by the constants ε̄i.

Choose the following adaptive law as:

˙̂Wi = 
i

[
z2i

k2
b2i

(t) − z2
2i

Si(Z) − σiŴi

]

(17)

where Ŵi is the estimation of W∗
i . 
i = 
T

i > 0 is
the constant gain matrix and σi > 0, i = 1, 2, . . . , n are
small constants. Let W̃i represents the NN weight error,
we can obtain W̃i = Ŵi − W∗

i , where W∗ = diag{W∗
1 ,

W∗
2 , . . . , W∗

n }, Ŵ = diag{Ŵ1, Ŵ2, . . . , Ŵn}, and S(Z) =
diag{S1(Z), S2(Z), . . . , Sn(Z)} with Si(Z) being chosen the
Gaussian functions.

Thus, the control input τ is designed by

τ = −M(x1)
[
ϒ2z2 + ŴTS(Z) + A

]
(18)
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where

A =
[

μ1z11 + 1

2

z21

k2
b21

(t) − z2
21

μ2z12+ 1

2

z22

k2
b22

(t)−z2
22

, . . . , μnz1n + 1

2

z2n

k2
b2n

(t) − z2
2n

]T

with μi = (k2
b2i

(t) − z2
2i(t))/(k

2
b1i

(t) − z2
1i(t)).

Choose the control gain matrix ϒ2 = diag{γ21, . . . , γ2n}
with γ2i being positive constant. Based on (8) and (18), the
vector of control input τ = [τ1, . . . , τn]T as follows:

τi = −Mi(x1)
[
ϒ2iz2i + ŴT

i Si(Z) − Ai

]
. (19)

According to (15), (16), and (19), (14) can be rewritten as

V̇2 ≤ −
n∑

i=1

γ1i
z2

1i

k2
b1i

(t) − z2
1i

−
n∑

i=1

γ2i
z2

2i

k2
b2i

(t) − z2
2i

+
n∑

i=1

z2i

k2
b2i

(t) − z2
2i

(−W̃T
i Si(Z) + εi(Z)

)
.

Step 3: Consider the Lyapunov function candidate V3 by

V3 = V2 + 1

2

n∑

i=1

W̃T
i 
−1

i W̃i. (20)

Then, differentiating V3 yields

V̇3 = V̇2 +
n∑

i=1

W̃T
i 
−1

i
˙̂Wi

≤ −
n∑

i=1

γ1i
z2

1i

k2
b1i

(t) − z2
1i

−
n∑

i=1

γ2i
z2

2i

k2
b2i

(t) − z2
2i

+
n∑

i=1

z2i

k2
b2i

(t) − z2
2i

(−W̃T
i Si(Z) + εi(Z)

)

+
n∑

i=1

1

2

z2
2i

(
k2

b2i
(t) − z2

2i

)2
+

n∑

i=1

W̃T
i 
−1

i
˙̂Wi. (21)

From (17), we can obtain

−
n∑

i=1

z2i

k2
b2i

(t) − z2
2i

W̃T
i Si(Z)+

n∑

i=1

W̃T
i 
−1

i
˙̂Wi =−

n∑

i=1

σiW̃
T
i Ŵi.

(22)

Using Young’s inequality, we have the following
inequalities:

−
n∑

i=1

σiW̃
T
i Ŵi = −

n∑

i=1

σiW̃
T
i W̃i −

n∑

i=1

σiW̃
T
i W∗

i

≤ −1

2

n∑

i=1

σi
∥
∥W̃i

∥
∥2 + 1

2

n∑

i=1

σi
∥
∥W∗

i

∥
∥2 (23)

z2i

k2
b2i

(t) − z2
2i

εi(Z) ≤ 1

2

z2
2i

(
k2

b2i
(t) − z2

2i

)2
+ 1

2
ε2

i . (24)

Substituting (22)–(24) into (21), one can obtain

V̇3 ≤ −
n∑

i=1

γ1i
z2

1i

k2
b1i

(t) − z2
1i

−
n∑

i=1

γ2i
z2

2i

k2
b2i

(t) − z2
2i

− 1

2

n∑

i=1

σi
∥
∥W̃i

∥
∥2 + 1

2

n∑

i=1

σi
∥
∥W∗

i

∥
∥2 + 1

2

n∑

i=1

ε̄2
i .

And from Lemma 1, we can get

V̇3 ≤ −
n∑

i=1

γ1i log
z2

1i

k2
b1i

(t) − z2
1i

−
n∑

i=1

γ2i log
z2

2i

k2
b2i

(t) − z2
2i

− 1

2

n∑

i=1

σi
∥
∥W̃i

∥
∥2 + 1

2

n∑

i=1

σi
∥
∥W∗

i

∥
∥2 + 1

2

n∑

i=1

ε̄2
i .

Thus, we can obtain

V̇3 ≤ −ρV3 + C (25)

where

ρ = min{2γ1i, 2γ2i, σiλmin(
i), i = 1, . . . , n}
C = 1

2

n∑

i=1

σi
∥
∥W∗

i

∥
∥2 + 1

2

n∑

i=1

ε̄2
i

with λmin(
i) being the minimum eigenvalue.
Remark 2: If C = 0, the exponential stability of the robotic

systems could be obviously proved. In practice, we defined
the positive constant C = 2−1 ∑n

i=1 σi‖W∗
i ‖2 + 2−1 ∑n

i=1 ε̄2
i ,

where σi represents the designed parameter in the adaptive
law and it is important to analyze the stability of the robotic
systems. When σi = 0, the robustness of the robotic systems
are influenced by the term 2−1 ∑n

i=1 ε̄2
i which are positive con-

stant based on the NN approximation error. Thus we can only
prove the stability of the robotic systems, but the exponential
stability could not be achieved.

B. Theoretic Result and Stability Analysis

Theorem 1: For the general engineering system with time-
varying state constraints such as system (1), if its initial
state satisfies xj(0) ≤ k

cj
i
(0) and Assumptions 1 and 2 also

hold. By using the adaptive law (17) to design the adap-
tive NN controller (18), we can obtain that the displacement
can perfectly track the desired trajectory in range of time-
varying constraint functions. At the same time, the state
constraints of robotic systems are never violated, all the signals
of the closed-loop system are bounded, and the closed-loop
system error signals zji(t) will remain within the compact sets
�zji(t) = {zji||zji(t)| ≤ Dji(t)} where Dji(t), j = 1, 2 will be
defined later on.

Proof: The equality in (25) on both sides are multiplied by
eρt, we have

d

dt

(
V3eρt) ≤ Ceρt.

Integrating d(V3eρt)/dt ≤ Ceρt over [0, t] gets

0 ≤ V3(t) ≤
[

V3(0) − C

ρ

]

e−ρt + C

ρ
. (26)
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According to C and ρ are positive constants, (26) becomes

0 ≤ V3(t) ≤ V3(0)e−ρt + C

ρ
.

From (3), (10), and (20), it can obtain

V3 = 1

2

n∑

i=1

log
k2

b1i
(t)

k2
b1i

(t) − z2
1i

+ 1

2

n∑

i=1

log
k2

b2i
(t)

k2
b2i

(t) − z2
2i

+ 1

2

n∑

i=1

W̃T
i 
−1

i W̃i.

Then, we have

1

2
log

k2
b1i

(t)

k2
b1i

(t) − z2
1i

≤ V3Fi(t) ≤ V3Fi(0)

where

V3Fi(0) = 1

2
log

k2
b1i

(0)

k2
b1i

(0) − z2
1i

+ 1

4
λmax

(

−1

i

)∥
∥
∥Ŵi(0) − W∗

i

∥
∥
∥

2 + Ci

2ρi
.

Accordingly, we can know that

(
z1i

kb1i(t)

)2

≤ 1 − e−2V3Fi (0).

From the above inequality, it can be easy to obtain

|z1i(t)| ≤ D1i(t)

where

D1i(t) = kb1i(t)

√(
1 − e−2V3Fi (0)

)
.

Similar to derivation of z1, we can make the conclusion that

|z2i(t)| ≤ D2i(t) (27)

where

D2i(t) = kb2i(t)

√(
1 − e−2V3Li (0)

)
.

From Assumption 2, it can be known that |x1i(0)| < Kc1
i
(0),

and from the definition of kc1
i
(t), we have |z1i(0)| < kb1i(0).

From the fact that x1i = z1i + ϕdi and x2i = z2i + α1i, we get

|x1i(t)| < kb1i(t) + ϕdi(t).

According to the above inequality, we have |y(t)| ≤ kc1(t),
∀t ≥ 0. Thus, the output signals are bounded.

Obviously, we can obtain that α1i is bounded from the
definition of the virtual controller α1i in (8). According to
z2 = x2 − α1 and based on (27), x2 is bounded. Furthermore,
the boundedness of the adaptive laws Ŵi and the inputs
τi, i = 1, . . . , n are proved from (17) and (18). Hence, all
the signals are bounded.

The proof is completed.

IV. SIMULATION EXAMPLES

A robot with swivel joints in the vertical plane will be con-
sidered. mi and li respective represent the mass and length
of joint i; lci is half the length of joint i; Ii is the moment of
inertia of joint i, i = 1, 2. The output variables are defined as
q = [q1, q2]T = [ϕ1, ϕ2]T .

Then, we give the kinetic energy as the following:

K(ϕ, ϕ̇) = 1

2
m1l2c1ϕ̇

2
1 + 1

2
I1ϕ̇

2
1 + 1

2
m2l21ϕ̇

2
1

+ m2l1lc2ϕ̇1(ϕ̇1 + ϕ̇2) cos ϕ2

+ 1

2
m2l2c2(ϕ̇1 + ϕ̇2)

2 + 1

2
I2(ϕ̇1 + ϕ̇2)

2

and the potential energy is written as

P(ϕ) = m1glc2 sin ϕ1 + m2gl1 sin ϕ1 + m2glc2 sin(ϕ1 + ϕ2).

From the Lagrange’s equationd(∂(K − P))/dt(∂ϕ̇)

−∂(K − P)/∂ϕ = 0, the dynamics of robotic systems
can be written as (1) where the gravitational vector is
described as

G(ϕ) = [
G11 G21

]T

G11 = (m1lc2 + m2l1)g cos ϕ1 + m2lc2g cos(ϕ1 + ϕ2)

G21 = m2lc2g cos(ϕ1 + ϕ2)

the symmetric positive definite inertia matrix is given

M(ϕ) =
[

M11 M12
M21 M22

]

M11 = m1l2c1 + m2

(
l21 + l2c2 + 2l1lc2 cos ϕ2

)
+ I1 + I2

M12 = m2

(
l2c2 + l1lc2 cos ϕ2

)
+ I2

M21 = m2

(
l2c2 + l1lc2 cos ϕ2

)
+ I2

M22 = m2l2c2 + I2

the centripetal Coriolis torques matrix can be rewritten as

C(ϕ, ϕ̇) =
[

C11 C12
C21 C22

]

C11 = −m2l1lc2ϕ̇2 sin ϕ2

C12 = −m2l1lc2(ϕ̇1 + ϕ̇2) sin ϕ2

C21 = m2l1lc2ϕ̇1 sin ϕ2, C22 = 0

and choosing the Jacobian matrix as

J(q) =
[

J11 J12
J21 J22

]

J11 = −(l1 sin ϕ1 + l2 sin(ϕ1 + ϕ2))

J12 = −l2 sin(ϕ1 + ϕ2)

J21 = l1 cos ϕ1 + l2 cos(ϕ1 + ϕ2)

J22 = l2 cos(ϕ1 + ϕ2).

The initial conditions input are ϕ = [0, 1.9]T and ϕ̇ =
[0, 0]T . The desired trajectory tracking is represented by
ϕd = [ sin(0.5t), 2 cos(0.5t)]T . The vector of external distur-
bance is given as f (t) = [ sin(t) + 1.82, 2 cos(t) + 1.35]T .
Choosing time-varying state constraints as |ϕ| ≤ kc1 and
|ϕ̇| ≤ kc2 with kc1 = [0.2 sin(0.5t) + 1.6, 0.6 cos(0.5t) + 3.1]T
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TABLE I
PARAMETER OF THE ROBOTIC SYSTEMS

Fig. 1. Displacement tracking trajectory of joint 1.

Fig. 2. Displacement tracking trajectory of joint 2.

and kc2 = [0.8 sin(0.5t) + 1.5, 0.9 cos(0.5t) + 1.8]T . The con-
trol parameters are given as γ1 = 8, γ2 = 15, γ3 = 20,
γ4 = 36, 
 = diag[6, 2]T , σ = [0.01, 0.001]T , and t ∈ [0, tf ],
tf = 30 s. The robotic systems are researched under the
external disturbances composed of Gauss white noise.

Figs. 1 and 2 show the variable displacement tracking
trajectory of robot. We can make the conclusion that the dis-
placement can perfectly track the desired trajectory in range of

Fig. 3. Displacement tracking error.

Fig. 4. Actual velocity trajectory of joint 1.

Fig. 5. Actual velocity trajectory of joint 2.

time-varying constraint functions from these figures. In Fig. 3,
we can obtain that the tracking errors of system output con-
verge to a small neighborhood of zero. Figs. 4 and 5 show
actual velocity trajectory of joint 1 and joint 2. Fig. 6 is
given displacement error and velocity error vector trajectory
of joint 1 and joint 2. It can be observed that the state errors
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Fig. 6. Displacement error and velocity error vector trajectory of (a) joint 1
and (b) joint 2.

Fig. 7. Adaptive laws trajectory of Ŵ.

Fig. 8. Trajectory of τ .

of robotic systems are uniformly ultimately bounded. At the
same time, it is certain that the state constraints are not vio-
lated from all of the above figures. Figs. 7 and 8 show the
trajectory of adaptive law and control input, respectively. We
can obtain that a good tracking performance is achieved.

V. CONCLUSION

In this paper, we have presented an adaptive NN control
method for a class of uncertain robotic systems with the
time-varying state constraints. Compared with the existing the-
ory of robotic systems, the method proposed to this paper is
more adaptable to practical engineering system. Because of
the existing of the time-varying state constraints, the con-
trol problem of the robotic systems is more complex and
difficult than general situation. The TVBLF and backstep-
ping design are utilized to prevent violation of time-varying
state constraints. For the unknown functions of the systems,
the NN approximates are employed to approximate. Based
on the Lyapunov stability analysis, the proposed controller
can guarantee all the signals of robotic systems are bounded,
the tracking errors remain in a small range of zero, and full
time-varying state constraints are not violated. Finally, the
feasibility of the proposed approach can be demonstrated by
testing the simulation example.
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