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Abstract—The hybrid traffic, a composite of elastic and in-
elastic data generated by delay-tolerant and real-time appli-
cations respectively, forms the bulk of what is carried over
modern cellular systems. Since a smooth performance of real-
time and delay-tolerant applications is tied to their distinctive
needs for resources, networks’ intelligence about representative
characteristics of applications’ traffic, networks’ ability to pri-
oritize subscribers, and networks’ sophistication to cope with
temporal variations in traffic amounts from the real-time and
delay-tolerant applications can help efficiently assign resources
accordingly to the preceding issues and consequentially elevate
the Quality-of-Experience (QoE). To this end, the manuscript
at hand aims at concocting a convex proportional fairness re-
source allocation method for cognitive cellular systems equipped
with the intelligence to consider the traffic type, its temporal
variations, and user prioritization. The devised method is for-
malized as mathematically equivalent centralized and distributed
formulations with provided solution algorithms and convergence
conditions. It is proved that the centralized approach has a lower
transmission overhead, whose some lower bounds are derived
for the centralized and distributed methods. Analyses of the
sensitivity to changes of user equipments (UEs) quantity and
of application usage are presented under a variation of bidding
scenarios in the face of the system dynamics.

Index Terms—Hybrid Traffic, Utility function, Resource Allo-
cation, Convex Optimization.

I. INTRODUCTION

Perennially-upsurged radio-resource demands by mobile

broadband services owe to a drastic boom of their subscriber

quantity and generated traffic [1], to the prevalence of Mo-

bile Network Operator (MNO) multi-service frameworks [2],

and to the abundance of smart devices running applications

with distinct throughput requirements, minimum bit rates.

Henceforth, outfitting cognitive cellular networks with the

intelligence about the application requirements to proportion-

ally disseminate resources is integral to QoE elevation. In

this sense, due to their higher minimum bit rate, the real-

time applications have stricter QoE criteria than those of the

delay-tolerant. In addition to a proportional rate assignment,

subscriber differentiation (prioritizing certain users by the

network) and application usage variation consideration further

fine-tune the resource allocation. An example of applications

temporal usage variations is a user running an email and a

Skype session where the latter is the user’s current focus and

constitutes the bulk of the UE assigned resources whereas the

delay-tolerant background-running email application acquires

less resources. The elastic and inelastic data generated by
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delay-tolerant and real-time applications constitute a hybrid

traffic, which forms the bulk of what is carried over modern

cellular communications systems, for which a fine-grained

resource allocation is desired.

This paper puts forward a novel convex utility proportional

fairness QoE-cognizant optimal resource allocation for fu-

turistic cognitive cellular networks with formerly-explained

subscriber, application usage, and traffic type differentiations

parameterized in the proceeding formulations as UE subscrip-

tion weights, application status weights, and application utility

functions respectively. The leveraged resource allocation pri-

oritizes real-time traffic over the delay-tolerant. An example

of the UE weights is networks’ VIP users or public safety

customers who require a higher priority versus regular users

and get larger UE weights as a result. For the application

weights, the users focus and real-time applications should get

higher priority and larger weights.

We also create computationally efficient distributed and

centralized algorithms for the resource allocation which avoid

dropping UEs, where the former has the base station (BS)

optimally allocate UE rates which then optimally assigns

applications’ rates, while the latter has the BS assign applica-

tions’ rates. Compared to the seminal work [3], which does

not consider subscriber differentiation, traffic stream temporal

usages, and real-time traffic, we include all the aforementioned

issues simultaneously in our modeling. Furthermore, we inves-

tigate the algorithms’ convergence, transmission overhead, and

sensitivity to UE quantity and/or applications usage changes.

Remark I.1. In this paper, the term ”optimal rates” indicates

that the rates constitute optimization’s global extremum point.

A. Related Work

The resource allocation research area has received a signif-

icant attention since the seminal proportional fairness utility

maximization study in [3] which allocated rates to logarithmic

utilities modeling the network traffic throughput satisfaction

utilities. The logarithmic utilities model QoE for legacy wired

network’s elastic traffic, [3] and [4]. However, modern-day

networks mostly carry real-time traffic whose throughput sat-

isfaction are non-concave utility functions [5], and methods

of [3] and [4] incur the proceeding drawbacks: (a) they are

inapplicable to the non-concave utilities which model the

inelastic traffic volumes; (b) Neither priority do they render

to real-time applications, nor they reserve any attention for

the application usage changes, nor they consider subscriber

priorities. The authors in [5] proposed sigmoidal functions

to model the QoE satisfaction of real-time traffic. [6] used a
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utility maximization resource allocation with both logarithmic

and sigmoidal utility functions for the delay tolerant and

realtime traffic respectively, and approximated the sigmoidal

utilities by logarithmic ones via a non-linear curve fitting to

recreate an all-logarithmic-utility maximization easily solved

through Lagrangian multipliers. Similarly, [7] proposed a

proportional fairness utility maximization with sigmoidal and

logarithmic utilities and replaced the sigmoidal functions with

Levenberg-Marquardt-deduced weighted logarithmic utilities

[8] to leverage the convexity.

In a different approach, [9] and [10] presented rate alloca-

tion methods for multi-class services with sigmoidal utilities.

Despite closely approximating optimal solutions, involved

methods dropped some users by assigned them no resources

and could not warrant a minimum service guaranty, problem-

atic for VIP and public safety users. [11] proposed a utility

maximization to optimize both rates and powers assigned to

nodes of adhoc networks; the authors also derived convergence

conditions. Next, [12] developed a non-convex system utility

maximization optimal resource allocation and solved using

computationally expensive binary integer programming. The

authors in [13] designed a joint space-frequency resource al-

location nonconvex formulation which minimized the number

of backlogged packets per transmission with successive convex

approximation and alternating optimization to handle non-

convex constraints. And, [14] considered combinatorial joint

power control and subchannel allocation optimization, with in-

terference mitigation in ultra dense small cells networks, which

achieves a semi-optimal solution through divide-and-conquer.

Finally, [15] studied traffic adaptation and energy harvesting

to improve the energy efficiency in Time Division Duplex

multi-antenna small cells by deriving optimal uplink/downlink

configurations which minimized the cell service time.

B. Contributions

In this paper:

• We formulate a cognitive resource allocation convex

optimization than can intelligently allocate rates to users

with different application requirements to maximize the

overall QoE of all users. In other words, the problem is

formulated to be aware of user application needs upon

which resources are distributed.

• We provide two algorithms for implementing the opti-

mization, namely distributed algorithm which prioritizes

user privacy over overhead efficiency, and centralized

algorithm that prioritizes overhead efficiency over user

privacy.

• We analyze the system dynamics for different practical

scenarios, e.g. the change in number of users and appli-

cation usage, to ensure the resilience of our algorithms.

II. PROBLEM FORMULATION

The objective is to find optimal application rates dynam-

ically so that: 1) Realtime applications are rendered priority

over delay-tolerant ones. 2) No user is dropped 3) Applications

temporal usage changes are considered. 4) Subscription-based

treatments are honored. We assume each UE simultaneously

runs realtime and delay-tolerant applications, whose QoE sat-

isfaction is modeled by sigmoidal and logarithmic utility func-

tions respectively. Logarithmic utilities Ui(ri) =
log(1+kiri)
log(1+kir

max
i )

have been used in [3], [5] to model delay-tolerant traffic

QoE satisfaction as a marginal increase in the rate ri of

a delay-tolerant application increases U(ri). The parameter

ki models how fast the QoE satisfaction occurs and loosely

describes the logarithmic utility slope during its rise time

[16]. The parameter rmax
i is the maximum rate requested by

the logarithmic utility application. Similarly, the sigmoidal

utilities Ui(ri) = ci

(
1

1+e−ai(ri−bi)
− di

)

have been used

in the literature [5], [10], [17] to model the realtime traffic

QoE satisfaction due to their shape which needs a minimum

rate ri assignment to the application before an acceptable

QoE satisfaction is met. These functions have the following

properties [5]. 1) Ui(0) = 0 and Ui(ri) is an increasing

function ri. 2) Ui(ri) is twice differentiable in ri and upper-

bounded. Here, ci =
1+eaibi

eaibi
and di =

1
1+eaibi

. The parameter

bi is the minimum rate needed for a minimal acceptable QoE

satisfaction of real-time traffic the parameter, ai shows the rate

increase slope, and di is a shift along the abscissa such that

rates are not negative numbers [18]. We consider BS with M

UEs as in Figure 1 (here M = 6). Each UE concurrently runs

delay-tolerant and real-time applications represented respec-

tively by the logarithmic and sigmoidal utility functions. The

rate assigned by the cognitive radio to the ith UE is ri and the

UE’s aggregate utility function is Vi(ri) =
∏Ni

j=1 U
αij

ij (rij),
where rij , Uij(rij), and αij respectively represent the rate

allocation, application utility, and application usage percent-

age of the jth application running on the ith UE. Hence,
∑Ni

j=1 αij = 1 and ri =
∑Ni

j=1 rij , where Ni is the number of

coevally running applications on the ith UE. The application

utility product formulates the aggregate utility function to

warrant a minimum QoE by having the aggregate utility as

the optimization objective function to ensure nonzero rates.

If the jth application of the ith UE is real-time, its QoE is

represented as Uij = cij

(
1

1+e
−aij (rij−bij)

− dij

)

and if it is

delay-tolerant, its QoE is modeled as Uij =
log(1+kijrij)
log(1+kijr

max
ij

) .

Fig. 1. System Model: BS with M = 6 UEs simultaneously running delay-
tolerant and realtime applications.

Application rates are assigned directly by the BS in a single

stage. The formulation is shown in Equation (1), where r =
[r1, r2, ..., rM ] is the UE rate vector, RBS is the maximum

available resources at the BS, and βi is the ith UE’s subscriber

weight, and RUEi
=

∑NS
i

j=1(bij+2.5a−1
ij )+

∑Ni−NS
i

j=1 (8.3176
kij

+

rmax
ij ), where NS

i is the number of real-time applications on

the ith UE which runs N applications totally. Moreover, bij+
2.5a−1

ij and 8.3176
kij

+rmax
ij are rates where the jth sigmoidal and

2
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lgarithmic application utility of the ith UE are met at 92%,

respectively. The sigmoidal case is verifiable by setting the rate

rij = bij+2.5a−1
ij and, understanding that eaijbij >> 1 based

on aij and bij typical values (section IX and [5]), observing

that the sigmoidal application utility function value becomes

approximately 0.92%. For the logarithmic application utility,

we solve the logarithmic utility equation at value 0.92 for rij .

max
r

M∏

i=1

( Ni∏

j=1

U
αij

ij (rij)
)βi

subject to

M∑

i=1

Ni∑

j=1

rij ≤ min{RBS,

M∑

i=1

RUEi
}

︸ ︷︷ ︸

R

, rij ≥ 0.

(1)

Next, we subdivide the optimization (1) into two simpler

optimizations in Equations (2) - External UE Resource Allo-

cation (EURA)- and (2) - Internal UE Resource Allocation

(IURA). The former assigns UE rates by the BS and the

latter provides application rates by the host UEs, where

ri = [ri1, ri2, ..., riNi
] is the application rate vector whose

jth component indicates the ith UE’s jth application rate and

r
opt
i is the ith UE rate from the EURA optimization.

max
r

M∏

i=1

V
βi

i (ri)

subject to

M∑

i=1

ri ≤ min{RBS,

M∑

i=1

RUEi
}

︸ ︷︷ ︸

R

, rij ≥ 0.
(2)

max
ri

Ni∏

j=1

U
αij

ij (rij)

subject to

Ni∑

j=1

rij ≤ r
opt
i , rij ≥ 0.

(3)

III. EXISTENCE OF A GLOBAL OPTIMAL SOLUTION

Logarithmic functions are strictly increasing, so for the

distributed formulation an equivalent EURA objective func-

tion argmax
r

∑M
i=1 βi log(Vi(ri)) in Equation (2) and an

equivalent IURA objective function
∑Ni

j=1 αij log(Uij(rij))
in Equation (3) form new optimizations, log-EURA problem

and log-IURA respectively. For the centralized optimization,
∑M

i=1 βi

∑Ni

j=1 αij logUij(rij) forms an equivalent optimiza-

tion, log-centralized.

Remark III.1. If the subscriber differentiation parameter βi

is available only at the BS (or in other MNO unit), the shadow

price pE (section IV) is changed to pE

βi
.

Lemma III.2. The aggregate utility natural logarithm

log(Vi(ri)) is strictly concave.

Proof: We can write logVi(ri) =
∑Ni

j=1 αij logUij(rij).

Logarithmic utilities concavity means
dUij(rij)

drij
> 0 and

d2Uij(rij)

dr2
ij

< 0, resulting in
d log(Uij(rij))

drij
> 0 and

d2 log(Uij(rij))

dr2
ij

< 0. Thus, logarithmic utility natural logarithm

is strictly concave. For a sigmoidal utility Uij(rij), we have

0 < cij

(
1

1+e
−aij (rij−bij ) − dij

)

< 1 which yields in 0 <

1 − dij(1 + e−aij(rij−bij)) < 1
1+cijdij

. For 0 < rij < R, the

sigmoidal utility natural logarithm is strictly concave [18]. As

such, the applications utility functions Uij(rij) > 0 of the sys-

tem model have strictly concave natural logarithms, meaning

that the aggregate utility logVi(ri) =
∑Ni

j=1 αij logUij(rij)

is strictly concave. Consequently, d
drij

logUij(rij) > 0 and

d2

dr2
ij

logUij(rij) < 0.

Theorem III.3. The distributed optimization is convex and

has a unique tractable global optimal solution.

Proof: The distributed method is composed of EURA

optimization - Equation (2)) - and IURA optimization -

Equation (3). From Lemma III.2, the EURA optimization is

convex due to their objective functions equivalence. There

exists a unique tractable global optimal solution for a convex

optimization (page 248 - 249 of [19]), and so does for the

EURA optimization. For the IURA optimization, the proof is

similar to the one for the EURA. Since both constituents of the

distributed optimization are convex and have global optimal

solutions, the same holds for the distributed optimization.

Corollary III.4. The centralized optimization in Equation (1)

is convex and has a unique tractable global optimal solution.

Proof: In Lemma III.2, we also proved that the appli-

cation utility natural logarithm is concave. This results in the

convexity of the log-centralized optimization [19] and the con-

sequential convexity of its equivalent centralized optimization.

Since the centralized optimization is convex, it has a tractable

global optimal solution [19].

IV. DISTRIBUTED OPTIMIZATION ALGORITHMS

A. EURA Algorithm, its Convergence and Drawbacks

Let Lagrangian L(r, p) =
∑M

i=1 Li(ri, p)+p(R−z), where

Li(ri, p) =
∑M

i=1

(

log(Vi(ri)) − pri

)

, z ≥ 0 is the slack

variable, and p is the Lagrange multiplier or the shadow

price (price per unit bandwidth for all the M channels).

Therefore, the ith UE bid for bandwidth can be written as

wi = pri. We can write max
r

∑M

i=1(log(Vi(ri))− pri) =
∑M

i=1 max
ri

(log(Vi(ri))− pri) and the dual problem objec-

tive function can be written as D(p) = max
r

L(r, p) =
∑M

i=1 max
ri

(Li(ri, p)) + p(R − z). Thus, the dual problem is

formulated as min
p
D(p) subject to p ≥ 0. Leveraging Lagrange

multipliers, we have
∂D(p)
∂p

= R−
∑M

i=1 ri − z = 0 which is

p =
∑M

i=1 wi

R
at z = 0 where wi = pri is transmitted by the

ith UE to the BS. As such, we divide the log-EURA problem

into simpler optimizations at the BS (BS EURA problem) and

UEs (UE EURA problem), summarized in Algorithms IV.1

and IV.2 in that order.

3
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The ith UE, transmits an initial bid wi(1) to the BS,

which in turn subtracts the latterly received bid wi(n) and the

formerly received one wi(n − 1) (w(0) 6= 0) and ceases the

procedure if the difference is less than a threshold δ; otherwise,

it computes and sends a shadow price p(n) =
∑

M
i=1 wi(n)

R

to its covered UEs. The ith UE extracts its rate ri(n) from

the received p(n) such that logVi(ri)− p(n)ri is maximized.

The rate ri(n) is employed to estimate the new bid wi(n) =
p(n)ri(n) transmitted to the BS.

In the rest of this paper, rsij ≈ rinf
ij indicates the inflec-

tion point which for the sigmoidal utility (superscript s), is

actually rsij = bij . Furthermore, for the ith UE, Vi(ri), let

Si(ri) = ∂ log Vi(ri)
∂ri

is the aggregate utility slope curvature

function and Sij(rij) =
∂ logUij(rij)

∂rij
is the jth application

utility slope curvature function.

Algorithm IV.1 UE EURA Algorithm

1. Send initial bid wi(1) to BS.

loop

2. Receive shadow price p(n) from BS.

if 3. STOP from BS then

4. Calculate allocated rate r
opt
i = wi(n)

p(n) .

5. STOP

else

6. Solve ri(n) = argmax
ri

(

logVi(ri)− p(n)ri

)

.

7. Send new bid wi(n) = p(n)ri(n) to BS.

end if

end loop

Algorithm IV.2 BS EURA Algorithm

loop

Receive bids wi(n) from UEs. {Let wi(0) = 1 ∀i}
if |wi(n)− wi(n− 1)| < δ ∀i then

Allocate rates, r
opt
i = wi(n)

p(n) to user i.

STOP

else

Calculate p(n) =
∑M

i=1 wi(n)

R
.

Send new shadow price p(n) to all UEs.

end if

end loop

Lemma IV.1. The slope curvature function
∂ log Vi(ri)

∂ri
has its

inflection point at ri = rsij ≈ r
inf
ij for jth application utility

function Uij and is convex for ri > max
j

rsij .

Proof: Let NS
i be the number of sigmoidal utilities on

the ith UE. Taking the logarithm and derivative of both

sides of
∑Ni

j=1 αij = 1 and ri =
∑Ni

j=1 rij gives Si(ri) =
∑NS

i

j=1 αijSij(rij) +
∑Ni

j=NS
i
+1 αijSij(rij). We can write:

∂Si

∂ri
=

NS
i∑

j=1

{
−αija

2
ijdije

−aij(rij−bij)

cij

(

1− dij(1 + e−aij(rij−bij))
)2

+
αija

2
ije

−aij(rij−bij)

(

1 + e−aij(rij−bij)
)2 }

−

Ni∑

j=NS
i
+1

{
αijk

2
ij

(1 + kijrmax) log(1 + kijrij)2
}

(4)

∂2Si

∂r2i
=

NS
i∑

j=1

{
dije

−aij(rij−bij)(1 − dij(1 − e−aij(rij−bij)))

cij

(

1− dij(1 + e−aij(rij−bij))
)3

+
e−aij(rij−bij)(1− e−aij(rij−bij))

(

1 + e−aij(rij−bij)
)3 } × a3ijαij

−

Ni∑

j=NS
i
+1

αijk
2
ij(log(1 + kijrij)− 1)

(1 + kijrij)2 log
2(1 + kijrij)

(5)

It is easy to show that ∀ ri,
∂Si

∂ri
< 0. If we denote

the 1th term of Equation (4) as well as the 2nd and the

3rd terms of Equation (5) as respectively S1
i , S2

i , and S3
i ,

we can conclude S1
i =

αija
3
ije

aijbij (eaijbij+e
−aij (rij−bij ))

(eaijbij−e
−aij (rij−bij))3

,

S2
i =

a3
ijαije

−aij(rij−bij)(1−e
−aij (rij−bij ))

(

1+e
−aij (rij−bij)

)3 , and S3
i =

αijk
2
ij(log(1+kijrij)−1)

(1+kijrij)2 log2(1+kijrij)
. We conclude I) limri→0 S

1
i = ∞, II)

∀ j, bij ≫ 1
aij

⇒ limri→bij S
1
i = 0, III) S2

i (bij) = 0,

IV) S2
i (rij > bij) > 0, V) S2

i (rij < bij) < 0, and

VI) S3
i (rij > 0) > 0. Thus, Si has the inflection point

ri = rsij ≈ bij = rinf
ij and changes from a convex function in

the origin vicinity to a concave function before the inflection

point at rij = rsij to a convex function after the inflection

point.

Corollary IV.2. EURA Algorithms IV.1 and IV.2 converge to

the global optimal rates with steady state shadow price pss <
aimaxdimax

1−dimax
+

aimax

2 (imax = argmax
i

rsijmax
, rsijmax

= max
j

rsij )

if
∑M

i=1 max
j

rsij ≪ R, while the Algorithms fluctuate about

the optimal solution if
∑M

i=1 max
j

rsij > R with shadow price

pss ≈
aijdije

aijbij
2

1−dij(1+e
aijbij

2 )

+
aije

aijbij
2

(1+e
aijbij

2 )

if
∑M

i=1 max
j

rsij > R.

Proof: Case (I)
∑M

i=1 max
j

rsij ≪ R: For EURA

Algorithm IV.1, ri(n) = argmax
ri

(

logVi(ri)− p(n)ri

)

using

Lagrange multipliers
∂ log Vi(ri)

∂ri
− p = Si(ri)− p = 0. Si(ri)

is convex for ri > max
j

rsij ≈ max
j

bij . Similar to the analyses

in [3] and [4], EURA Algorithms are guaranteed convergence

to the global optimal solution when Si(ri) is in the convex re-

gion. Hence, the aggregate utility natural logarithm converges

to the global optimal solution for ri > max
j

rsij ≈ max
j

bij .

4
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However, the sigmoidal utility inflection point is rinf
i = bij .

For
∑M

i=1 max
j

rsij ≪ R, EURA assign rates rij > bij for

all users and since Sij(rij) is convex for rij > rsij ≈ bij ,

the optimal solution can be achieved. Convexity of Sij(rij)
for rij > rsij ≈ bij implies that pss < Sij(rij = max bij),

where Sij(rij = max bij) =
aimaxdimax

1−dimax
+

aimax

2 and imax =
argmaxi bij .

Case (II)
∑M

i=1 max
j

rsij > R: From Lemma IV.1, for
∑M

i=1 r
inf
ij > R, ∃ i such that the optimal rates r

opt
ij < bij . Thus,

pss ≈
aijdije

aijbij
2

1−dij(1+e
aijbij

2 )

+
aije

aijbij
2

(1+e
aijbij

2 )

is the optimal shadow

price for the optimization problem in Equation (2). Then, a

small change in the shadow price p(n) at the nth iterate fluc-

tuates the rate rij(n) (the root of Sij(rij)−p(n) = 0) between

the concave and convex curvature of Sij(rij). Therefore, it

produces a fluctuation in the bid value wi(n) sent to the BS,

which in turn induces a vacillation of the shadow price p(n)
transmitted by BS to the UEs. Hence, the iterative solution

oscillates about the global optimal rates r
opt
ij .

Theorem IV.3. EURA Algorithms IV.1 and IV.2 do not con-

verge to the optimal solution for all BS rates R.

Proof: This directly follows from corollary IV.2.

B. EURA Robust Algorithm

Incorporating robustness into the EURA Algorithms IV.1

and IV.2 so that they converge for all BS rates requires the

aforesaid methods to refrain from fluctuations in the non-

convergent region for
∑M

i=1 max
j

rsij > R. To do this, a fluc-

tuation decay function ∆w(n) as below reduces the step size

between the current and previous bid, i.e. wi(n)−wi(n− 1),
for every user i if a fluctuation occurs. The allocated rates

should coincide with the those of EURA Algorithms IV.1 and

IV.2 for
∑M

i=1 max
j

rsij > R. The fluctuation decay function

can be included in either UE EURA Algorithm IV.1 or BS

EURA Algorithm IV.2. The decay function can be exponential

∆w(n) = l1e
−

n
l2 or rational ∆w(n) = l3

n
. Here, l1, l2, l3 can

be adjusted to change the bids wi decay rate. We incorporate

the decay function into the UE EURA Algorithm IV.1 even

though, as mentioned before, it can be placed in the BS EURA

as well. The robust variation of the EURA process is illustrated

in Algorithms IV.3 and IV.4. With their bids initialized to

wi(0), UEs send their bids wi(1) to the BS. Then, the BS

calculates the difference between the current and previous bids

wi(n) - wi(n− 1). If the difference falls below a threshold δ,

the algorithm ends. Otherwise, the BS sends the shadow price

pE(n) =
∑

M
i=1 wi(n)

R
to its UEs. The UEs obtain the rates ri

which maximize log βiVi(ri) − pE(n)ri, estimate their new

bids wi(n) = pE(n)ri(n), and send them to the BS.

C. IURA Algorithm

Application rates rij are optimally assigned by the UEs

via the UE Algorithm, where the ith UE uses the EURA

allocated rate r
opt
i = {ropti1 , ..., r

opt
iNi

} to solve ri =

argmax
ri

∑Ni

j=1(αij logUij(rij)− pIrij) + pIr
opt
i .

Algorithm IV.3 UE Robust EURA Algorithm

Send initial bid wi(1) to BS.

loop

Receive shadow price p(n) from BS.

if STOP from BS then

Calculate allocated rate r
opt
ij = wi(n)

p(n) .

else

Solve ri(n) = argmax
ri

(

βi logVi(ri)− pE(n)ri

)

.

Calculate new bid wi(n) = p(n)ri(n).
if |wi(n)− wi(n− 1)| > ∆w(n) then

wi(n) = wi(n−1)+sign(wi(n)−wi(n−1))∆w(n)
{∆w = l1e

−
n
l2 or ∆w = l3

n
}

end if

Send new bid wi(n) to BS.

end if

end loop

Algorithm IV.4 BS EURA Algorithm

loop

Receive bids wi(n) from UEs {Let wi(0) = 1 ∀i}
if |wi(n)− wi(n− 1)| < δ ∀i then

STOP and allocate rates (i.e r
opt
i to user i)

else

Calculate pE(n) =
∑

M
i=1 wi(n)

R

Send new shadow price pE(n) to all UEs

end if

end loop

Fig. 2. Centralized Algorithm: Application Rates are allocated by the UEs
in one stage.

V. CENTRALIZED OPTIMIZATION ALGORITHM

The solution for the centralized resource allocation in Equa-

tion (1) consists of UE and BS parts shown in respectively UE

and BS Algorithms, whose executions (Figure 2) start by UEs

transmitting their application utility function parameters to the

BS, which in turn solves the entire optimization by allotting

the bandwidth to the applications in an optimum fashion.

VI. MATHEMATICAL EQUIVALENCE OF DISTRIBUTED AND

CENTRALIZED OPTIMIZATIONS

Lemma VI.1. Functions Si(ri) =
∂ log Vi(ri)

ri
and Sij(rij) =

∂ logUij(rij)
rij

have strictly decreasing inverse functions ri =

S−1
i (.) and rij = S−1

ij (.).

Proof: Lemma III.2 stems out Sij(rij) =
∂ log(Uij(rij))

∂rij
>

5
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0 and
∂Sij(rij)

∂rij
< 0. Therefore, Sij(rij) of the logarithmic

application utilities is strictly decreasing. For the sigmoidal

application utility Uij(rij), Sij(rij) > 0 and ∂
∂rij

Sij(rij) <

0, giving that Sij(rij) of the sigmoidal application utility is

strictly decreasing.

Corollary VI.2. The distributed resource allocation architec-

ture in Equations (2) and (3) is equivalent to the centralized

optimization in Equation (1).

Proof: To prove equivalency, we should show

that the distributed and centralized methods transpire

equal UE/application rates. The Lagrangian of the log-

centralized optimization can be written as LT (r) =
∑M

i=1 βi

∑Ni

j=1 αij logUij(rij)−pT (
∑M

i=1

∑Ni

j=1 rij−R+z),
where z ≥ 0 is the slack variable and pT is the Lagrange

multiplier. Then, we have
∂LT (r)
∂rij

= βiαijSij(rij) − pT =

0 ⇒ pT = βiαijSij(rij). So, the ith UE’s jth application rate

is rij = S−1
ij ( pT

βiαij
). Hence, we can write NipT = βiSi(ri).

And the ith UE rate can be calculated as ri = S−1
i (NipT

βi
).

The Lagrangian of the log-EURA optimization can be written

as LE(r) = (
∑M

i=1 βi logVi(ri))−pE(
∑M

i=1 ri−R+z) where

z ≥ 0 is the slack variable and pE is the Lagrange multiplier.

Then, we have
∂LE(r)
∂ri

= βiSi(ri)−pE = 0 ⇒ pE = βiSi(ri)

and the ith UE rate is ri = S−1
i (pE

βi
). Replacing Si,

we can write pE = βi

∑Ni

j=1 αijSij(rij), which leads to

pE =
∑Ni

j=1 pT = NipT 4. Equations ri = S−1
i (NipT

βi
) and

ri = S−1
i (pE

βi
) signify that the centralized and distributed

methods’s EURA optimization lead to identical UE rates.

Next, the Lagrangian of the IURA optimization is LI(ri) =
(
∑Ni

j=1 αij logUij(rij))−pI(
∑Ni

j=1 rij−r
opt
ij +z), where z ≥ 0

is the slack variable and pI is the Lagrange multiplier for the

internal shadow price, price per bandwidth for all applications

in the ith UE. Then, we have
∂LI(ri)
∂rij

= αijSij(rij) −

pI = 0 ⇒ pI = αijSij(rij) ∀ j. summing the ith UE

applications gives
∑Ni

j=1 pI =
∑Ni

j=1 αijSij(rij), resulting in

βiNipI = βiSi(ri) = pE = NipT ⇒ pT = βipI . So, ith

UE’s jth application rate is rij = S−1
ij ( pI

αij
) = S−1

ij ( pT

βiαij
).

Considering the optimization constraints, the ith UE rate is

r
opt
i =

∑Ni

j=1 rij =
∑Ni

j=1 S
−1
ij ( pT

βiαij
). This signifies that the

centralized and distributed IURA optimizations give identical

application rates. Since the centralized and distributed methods

gave equal UE and application rates (Corollary VI.2), so are

equivalent, thereby.

VII. ALGORITHMS PERFORMANCE WITH UE CHANGES

Now we look at the UE quantity dynamics for both the

distributed and centralized algorithms. Consider a scenario

where the number of UEs in the system changes from M1

at time slot n1 to M2 at time slot n2 = n1 + 1. Therefore,

the instantaneous UE quantity M(n) at time slot n can be

written as Equation (6). We assume that steady state rates

are reached at the time slots n1 and n2 for the M1 and M2

users respectively so that the steady state rate vector rss can

be expressed as Equation (7). Considering the instantaneous

number of UEs as Equation (6) and the steady state rate vector

as Equation (7), we perform a traffic analysis of the distributed

Algorithm when the UEs rebid or do not for resources in the

face of the UE quantity alterations.

M(n) =

{
M1 ; n ≤ n1

M2 ; n > n1
(6)

rss =

{
r(n1) ; n ≤ n1,

r(n2) ; n > n1.
(7)

A. Distributed Optimization and UE Changes

Here, we assume that incumbent UEs (users already in the

cell and have been assigned optimal rates) rebid for resources

when new UEs enter/leave the cell.

Proposition VII.1. The distributed algorithm minimum trans-

mission overhead is 2M2+2−M1 when all UEs rebid and is

M2 + 1−M1 when NOT all UEs rebid for an increasing UE

quantity and is min{M1+2,M1+2M2} when all UEs rebid

and is M1 − M2 when NOT all UEs rebid for a decreasing

UE quantity.

Proof: I) Rebidding Fixed-Utility UEs: (A) When new

UEs enter the cell, M2 > M1. The new UEs send their initial

bids requiring M2 − M1 transmissions to the BS. If βi is

available to the UEs, the BS broadcasts a new shadow price

to the UEs amounting to M2−M1+1 transmissions. Next, the

M2 UEs transmit their new bids to the BS which broadcasts

another shadow price. This process is repeated k times until the

convergence. This sums up to (M2 −M1) + 1 + kM2 + k =
(k + 1)M2 + k + 1 − M1 transmissions, minimally 2M2 +
2 − M1 for one iteration (k = 1). However, if βi is only

available at the BS, it transmits a modified shadow price pE

βi

to the UEs under its coverage, adding up to (M2 − M1) +
M2 + 2kM2 = (2k + 2)M2 − M1 transmissions, minimally

4M2 − M1 at k = 1. Since 4M2 − M1 ≤ 2M2 + 2 − M1,

the transmission overhead is not less than 2M2 + 2 − M1

for M2 > M1. (B) When some UEs leave the cell, M1 >

M2. The leaving UEs send M1 −M2 transmissions to signal

the BS their service termination requests. If βi is available at

the UEs, the BS broadcasts a new shadow price to the UEs

amounting to M1 −M2 +1 transmissions. Next, the M2 UEs

send their new bids to the BS which broadcasts another shadow

price. Repeated k times til the convergence, the transmission

overhead is (M1 −M2) + 1 + kM2 + k = (k − 1)M2 + k +
1 +M1, minimally 2 +M1. However, if βi is only available

at the BS, it transmits a modified shadow price pE

βi
to the UEs

under its coverage. Thus, the transmission overhead becomes

(M1−M2)+M2+2kM2 = 2kM2+M1, minimally 2M2+M1.

And, the minimum transmission overhead becomes min{M1+
2,M1 + 2M2}. So the transmission overhead is not less than

2M2 + 2−M1 for M1 > M2.

II) Non-rebidding Fixed-Utility UEs: A) M2 > M1: The

new UEs bid in M2 − M1 transmissions to the BS. If βi is

available to the UEs, the BS broadcasts a new shadow price

giving out M2 − M1 + 1 transmissions. Repeated k, we get

a transmission overhead k(M2 − M1) + k, minimally M2 −
M1 +1. In contrast, if βi is only available at the BS, it sends

a modified shadow price pE

βi
to the M2 −M1 UEs, repeated

k times, and transmission overhead becomes 2(M2 −M1) +

6
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2k(M2−M1) = (2k+2)(M2−M1), minimally 4(M2−M1)
for k = 1. So, the minimum overhead is M2 + 1 − M1 for

M2 > M1. B) M1 > M2: The leaving UEs send M1 − M2

termination requests to the BS. No further messages exchange,

so the transmission overhead is M1−M2. And, the minimum

transmission overhead is M1 −M2 for M1 > M2.

Proposition VII.2. In the face of UE quantity dynamics, the

distributed Algorithm allocated rates and pledged bids remain

optimal when all UEs rebid, while they do NOT remain optimal

when all UEs do NOT rebid.

Proof: Proof is in Appendix, section XII.

It is noticeable that the minimum transmission overhead

under a rebidding policy in the face of the UE quantity

dynamics is 2M2 + 2 − M1 transmissions which is larger

than the minimum transmission overhead when the UEs do

not rebid on resources, i.e. M1 −M2 (M2 − M1 + 1) when

the UEs leave (enter) the system.

B. Centralized Optimization and UE Changes

Proposition VII.3. Minimum transmission overhead of the

centralized method is 2M .

Proof: The centralized method assigns application rates

in a single iteration. Therefore, for an M UE system, the

UEs send M application utility parameters to their BS. This

proceeds with M optimal rate transmissions to the UEs from

the BS. So, the transmission overhead is 2M . This is also the

minimum possible transmissions to initiate connections by the

M UEs and assigning rates.

Proposition VII.4. Centralized Algorithm minimum transmis-

sion overhead is 2M2 −M1 when M2 > M1 and M1 when

M2 < M1.

Proof: When new UEs enter the cell, M2 > M1. The

new UEs send their utility function parameters in M2 −M1

transmissions to the BS which returns the application rates

for the M2 UEs. Thus, the transmission overhead becomes

2M2 − M1. On the other hand, when some UEs leave the

cell, M1 > M2. The UEs, leaving the cell, signal the BS

their termination requests in M1 −M2 transmissions. The BS

returns the rates for the new M2 UEs. There are no further

transmissions and the transmission overhead becomes M1 −
M2 +M2 = M1.

VIII. ALGORITHMS PERFORMANCE WITH APPLICATION

USAGE PERCENTAGE CHANGES

We consider a cell of M UEs and a BS as in Figure 1. At

time slot n1, the ith UE has the aggregate utility function

Vi(ri). When the UEs change their application usage, the

aggregate utility functions for the UEs change. In particular,

assume that at time slot n2 = n1 + 1, M ′ of the M UEs

(M ′ < M ) change their application usage. As an example,

the ith UE of the M ′ UEs gets the aggregate utility function

V ′

i (ri). Thus, the time-dependent aggregate utility function

for the ith UE of the M ′ UEs at time slot n, denoted as

Vi(ri, n), can be written as Equation (8). Furthermore, we

assume that a steady state rate allocations are achieved for the

ith UE with aggregate utility functions Vi(ri) and V ′

i (ri) at

time slots n1 and n2, respectively. Therefore, the rate vector

can be expressed as Equation (9).

Vi(ri, n) =

{
Vi(ri) ; n ≤ n1

V ′

i (ri) ; n > n1
(8)

rss =

{
r(n1) ; n ≤ n1

r(n2) ; n > n1
(9)

A. Distributed Optimization and Application Usage Changes

Here, we first assume that fixed-utility UEs, i.e. the UEs

with unvaried aggregate utility functions, rebid for resources

in the face of the changes to other UEs aggregate utility

functions, induced by those UEs’ altering their application

usage percentages. Next, we assume that the fixed-utility UEs

do not rebid for resources in the face of the changes to other

UEs aggregate utility functions, induced by those UEs’ altering

their application usage percentages.

Proposition VIII.1. For M ′ application usage changes of M

UEs, the distributed method transmission overhead is not less

than M + M ′ + 2 when all UEs rebid for resources, while

transmission overhead is M ′+1 at minimum and is not larger

than the one with rebidding when the fixed-utility UEs do NOT

rebid for resources.

Proof: I) Rebidding Fixed-Utility UEs: The M ′ UEs

changing their application usages cause changes of their

aggregate utility functions. These UEs send their initial bids

to the BS in M ′ transmissions. If βi is available at the UEs,

the BS broadcasts a new shadow price to the UEs. Then,

the entire M UEs transmit new bids to the BS. This process

is repeated k times until optimal rates are achieved, so the

transmission overhead becomes M ′ +1+ kM + k, minimally

M + M ′ + 2 (k = 1). In contrast, if βi is only available at

the BS, it transmits a modified shadow price pE

βi
to the UEs

under its coverage requiring M transmissions . The M UEs

send new bids to the BS and this process is iterated k times

until convergence. Thus, the transmission overhead becomes

M ′+M +2kM , minimally 3M +M ′ (k = 1). Under normal

circumstances, the number of UEs in a cell is larger than 1, so

it is trivial that M +M ′+2 < 3M +M . Hence, the minimal

transmission overheads is M +M ′ + 2.

II) Non-rebidding Fixed-Utility UEs: The M ′ utility-

changed UEs send their initial bids to the BS in M ′ trans-

missions. If βi is available at the UEs, the BS broadcasts

a new shadow price to the UEs, this routine is repeated k

times until optimal rates are achieved, and the transmission

overhead becomes kM ′ + k, which at minimum corresponds

to M ′ + 1 (k = 1). However, if βi is only available at the

BS, the BS transmits a modified shadow price pE

βi
to the M ′

UEs, the algorithm is iterated k times until convergence, and

the overhead becomes 2M ′+2kM ′ = (2k+2)M ′, minimally

4M ′ (k = 1). It is trivial that M ′+1 < 4M ′, so the minimum

transmission overhead is M ′ +1. Comparing to the rebidding

case above, obviously M ′ + 1 < M +M ′ + 2; therefore, the

minimum transmission of the distributed resource allocation

7
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architecture when fixed-utility UEs do not rebid on resources

is less than the one for the distributed resource allocation

architecture when all UEs rebid for resource allocation.

Proposition VIII.2. For M ′ application usage changes of M

UEs, rates and bids of the distributed method remain optimal

when all UEs rebid, while they do NOT remain optimal when

the fixed-utility UEs do NOT rebid for resources.

Proof: Proof is in Appendix, section XII.

B. Centralized Optimization and Application Usage Changes

Here, we assume the resource allocation is done centrally,

i.e. Equation (1). Incumbent UEs have been assigned optimal

rates as we proved the centralized resource allocation optimal.

We consider M ′ of the M UEs in the system change their

application usages and M ′ < M . For the centralized resource

allocation, optimal rates are assigned in one iteration of the

Algorithms, i.e. one transmission to the BS from the UEs and

one reception per UE from the BS.

Proposition VIII.3. For M ′ application usage changes of M

UEs, the centralized resource allocation assigns optimal rates

with a minimum transmission overhead M ′ +M .

Proof: The M ′ UEs send their application utility function

parameters in M ′ transmissions to their covering BS, which

transmits the new rates to the M UEs. Therefore, the trans-

mission overhead is M ′ +M . We proved that the centralized

method is convex; hence, the new rates assigned to the UEs’

applications by the BS are optimal.

IX. SIMULATION RESULTS

A cell with M = 6 UEs and a BS as in Figure 1

is considered. Each UE concurrently runs a delay-tolerant

and a real-time application with respective identically-colored

logarithmic and sigmoidal utilities (Figure 3(a)) 1) UE1:

a = 5, b = 5/k = 15, rmax = 100, 2) UE2: a = 4, b = 10/k =
12, rmax = 100, 3) UE3: a = 3, b = 15/k = 9, rmax = 100,

4) UE4: a = 2, b = 20/k = 6, rmax = 100, 5) UE5:

a = 1, b = 25,/k = 3, rmax = 100, 5) UE6: a = 0.5, b =
30/k = 1, rmax = 100. Sigmoidal parameter b represents

minimum needed resources - a higher b means a more inelastic

traffic. The b for UEs 1 suits Voice-over-IP (VoIP), the ones

for 2, 3 and 4 suit standard video streaming, and the ones

4, 5, and 6 suit High Definition Video (HDV) applications

[20]. Furthermore, parameter a determines how fast resources

need be assigned (the steep of the sigmoidal). For instance,

UEs 1, 2, and 3 need a much faster allocation (higher a)

while they want less resources (lower b) as opposed to UEs

4 and 5. The logarithmic parameters suite FTP applications

[20]. Also, functions Sij(rij) are in Figure 3(b) showing the

first derivative is decreasing (Lemma VI.1).

The distributed Algorithm was applied. For the

applications usage, the application weight vector is α =
{α11, α21, α31, α41, α51, α61, α12, α22, α32, α42, α52, α62}
where αij represents the status weight of the jth application

of the ith UE. It is noteworthy that the addition of application

usage percentages per UE is unity, i.e. αi1 + αi2 = 1.

(a) Application Utility Functions

(b) Utility Slope Curvature Functions

Fig. 3. Identically colored logarithmic and sigmoidal utility and slope
curvature functions.

In addition, the aggregate utility functions Vi(ri) for

i ∈ {1, ..., 6} are depicted in Figure 4(a) and the first

derivative functions of their natural logarithm, Si(ri) are

illustrated in Figure 4(b).In compliance with Lemma IV.1,

the slope curvature functions’ inflection points occur at the

application utility inflection points. Complying with Lemma

VI.1, the aggregate slope curvature functions are strictly

decreasing. Furthermore, decay function-induced robustness

effect is depicted; As we can see, the lack of decay functions

yields in the system instability revealed in the shadow price

oscillation.

A. Rate Allocation, Bids and Pricing for 10 ≤ R ≤ 200

We set the termination threshold δ = 10−4 and the BS rate

R to sweep from 10 to 200 with an step size of 5 bandwidth

units. Besides, the application status weights is considered to

be α = {0.1, 0.5, 0.9, 0.1, 0.5, 0.9, 0.9, 0.5, 0.1, 0.9, 0.5, 0.1}.

For the distributed resource allocation architecture, UE as-

signed rates and pledged bids are depicted in Figure 5(a)

during the EURA Algorithms IV.3 and IV.4 with the changes

in R. As we can observe, initially all the UEs are allocated

8
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(a) Aggregate Utility Functions

(b) Aggregate Slope Curvature Functions

Fig. 4. Aggregate Utilities and Slope Curvature Functions.

some rates as they all subsume real-time applications in need

of immediate rate allocations before any QoE is met. In Figure

5(b), we show the UEs’ pledged bids {wi|i ∈ {1, ..., 6}}
during the EURA Algorithms. We see that the more resources

become available at the BS, the higher rates are assigned to

the UEs. On the other hand, the dearth of resources (small

R) causes those UEs which have applications with higher bit

rate requirements to bid higher in order to gain resources.

For instance, since UE2 includes a real-time streaming video

(section IX), its urgent need for bandwidth allocation causes

its initial high bid for the resources, which is responded by its

fast allocation portrayed in the Figure 5(a). A similar situation

holds for UE3 which bids even higher than UE2 because UE3

aggregate utility is lower (Figure 4(a)) than the one for UE2;

so more resources need be assigned to get the satisfaction for

UE3 applications and thus it bid the highest. The other reason

than UE3 has bid higher than UE2 is because of its sigmoidal

application weight, i.e., α31 = 0.9 > α21 = 0.1. While for

the logarithmic application weight α32 = 0.1 < α22 = 0.9,

the sigmoidal is the main component that demands resources

and having a higher sigmoidal weight yields in a demand for

more resources by UE3 as opposed to UE2 and a higher bid

(a) UE Optimal Rates

(b) UE Bids

Fig. 5. At scarce bandwidth, applications needing more resources bid higher.

by UE3.

Then, IURA Algorithm allocates rates to the applications

based on their pledged bids as in Figures 6(a) and 6(b). In

Figure 6(a), we show the allocated applications rates {rij |i ∈
{1, ..., 6} ∧ j ∈ {1, 2}} during the IURA Algorithm under

changing BS rate R. Initially, more resources are allocated to

the real-time applications since these have more stringent QoE

requirements. In Figure 6(b), we illustrate the applications’

internally pledged bids {wij |i ∈ {1, ..., 6}∧j ∈ {1, 2}} during

the IURA Algorithm vs. BS rate R. Since real-time applica-

tions of the UEs need more resources, they bid higher than

the delay-tolerant applications specially when the resources are

scarce. In fact, we can see that the bid values for the delay-

tolerant applications is significantly less than those of the real-

time ones such that they are very close to the horizontal axis

in Figure 6(b). Furthermore, applications with higher QoE

requirements such as the real-time streaming video in UE1 (red

plot) bid higher in order to gain more bandwidth. However, as

more resources become available at the BS, bid values slash

down as well.

In contrast, the centralized method assigns application rates

directly by the BS, and the allocated rates and pledged bids are

9
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(a) Application Optimal Rates

(b) Application Bids

Fig. 6. Real-time applications initially bid higher to get more resources.

equal to the ones from the distributed method in conformance

to the Corollary VI.2. Running the simulations, we got the

same rate and bid diagrams as in the in Figures 6(a) and

6(b). Both the distributed and the centralized methods do

not assign zero rates to any UEs, thereby a minimum QoE

is warranted. When the total BS rate exceeds the inflection

point rates sum
∑

bij of all real-time applications incumbent

in the system, the BS can allot more resources to the delay-

tolerant applications easily. This behavior is observed in the

rate increase and bid value plummet occurring after the BS rate

surpasses the inflection points sum, i.e. R =
∑

bij = 105, in

Figure 6(a). Furthermore, the improvement in the distributed

robust Algorithms over its non-robust Algorithms is observed

in the shadow price fluctuation reduction in Figure 4(b),

where the decay function stabilizes the rates by eliminating

the oscillations. Such a behavior is similarly seen for Al-

gorithms IV.3)and IV.4 over Algorithms IV.1 and IV.2 for

R >
∑

bij = 105, but Algorithms IV.3 and IV.4 fails to assign

the optimal rates and bids for R <
∑

bij = 105. Therefore,

the Algorithms IV.3 and IV.4 yields in a robust rate allocation

behavior under scarce resource availability circumstances.

Figure 6(a) shows the rates and their proportional bids of

different applications. Therefore, a pricing, proportional to the

bids, is traffic-dependent which outfits service providers with

an option to escalate the service price for their subscribers

when the traffic load on the system is high. Thereby, MNOs

can motivate subscribers to utilize the network when the traffic

load is low in that they will be paying less for the same ser-

vices by using the network during off-peak hours. The shadow

price p(n), the total price per unit bandwidth for all users and

applications, is shown in Figure 7. As we see, the price is

high under high-traffic situations, implied by a fixed number

of users with less available resources (R is small). In converse,

the price decreases for low-traffic circumstances when the

same number of users have more resources (R is large).

Large shadow price plummets after R = {15, 25, 85, 105},

rates for which the real-time application utilities exceed their

inflection point, are notable. Furthermore, a large decrease

is visible at the inflection points sum, i.e.
∑k

i=1 r
inf
ij . Here,

k = {1, 2, ...,M} is the users index, M is the number

of users, and i is the user with the maximum utility slope

argmaxi Si(ri), in our case user 3 (b3j = 15) followed by

user 2 (b2j = 10) then the three users 1, 5, 6 which have

almost the same Si(ri) (b1j = 5, b5j = 25, b6j = 30), and

ultimately user 4 (b4j = 20).

B. Benchmark

To evaluate effectiveness of our proposed resource alloca-

tion modus operandi, we look at another proportional fairness

method for resource allocation [7], which used the same opti-

mization, but weighted logarithm functions replaced sigmoidal

utilities in their effort to use convexity in the optimization. The

weight factor wi fitted the logarithms to sigmoidal functions

using measurements or curve-fitting. To find the wights for the

logarithms modeling sigmoidal utilities, we used Levenberg-

Marquardt Algorithm (LMA) [21], whose primary application

is in the least squares curve fitting problem . Basically, for

n datum pairs of independent and dependent variables, (xi,

yi), LMA optimizes parameters β of the curve f(x;β) such

that it minimizes
∑n

i=1(yi − f(xi;β)). In order to make

the comparison, we used the same logarithmic and sigmoidal

utilities as in Section II; however, we curve-fitted the sigmoidal

utility functions using the LMA to the weighted logarithm

function. The results are shown in Figure 8, from which we

can see the resources allocated to the realtime applications

through our method by the dark blue bar, shown as AA-RA,

the resources allocated to the realtime applications, shown

as PP-RA, by the method in [7] as the light blue bar, the

resources allocated to the delay tolerant applications by our

method by the yellow bar, shown as AA-DT, and the resources

allocated to delay-tolerant traffic by the brown bar, shown as

PP-DT. As we see from this normalized plot, the method in

[7] assigned at least 10% less resources than did our method

to the realtime applications. On the other hand, it allocated

more resources to the delay-tolerant traffic. This is in spite of

the realtime applications need for higher amount of resources

as opposed to the delay tolerant-traffic. In fact, the delay-

tolerant traffic QoE will not be hurt under lack of enough
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Fig. 7. Shadow Price vs. BS Rate.
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Fig. 8. Application Rates Comparison.

resources while those of the real-time traffic will be. This

shows that our proposed method is application-aware in that

it looks at the traffic type and it is more cognizant of the QoE

requirements of the traffic because it assigns more resources

to real-time applications while it allocates less resources to the

delay-tolerant applications.

C. Sensitivity to Application Usage and UE Quantity Changes

For the cell with 6 UEs in Figure 1, we first measure the

sensitivity of the centralized and distributed methods

to the changes incurred in the usage percentage of

the applications running on the UEs. The application

utility function parameters are listed in section IX,

the termination threshold is δ = 10−3, and the total

achievable rate at the BS to R = 180. The application

usage percentage is represented as an application-status

differentiation weight, and the M UEs switch between

their applications with the usage percentages according to

α(t) = αi, 100i− 100 < t ≤ 100i whose values are α1 =
{0.1, 0.5, 0.9, 0.1, 0.5, 0.9, 0.9, 0.5, 0.1, 0.9, 0.5, 0.1}, α2 =
{0.5, 0.3, 0.2, 0.5, 0.3, 0.2, 0.5, 0.7, 0.8, 0.5, 0.7, 0.8}, . As an

illustration, during the simulation time 0 < t < 100, α1 =
{0.1, 0.5, 0.9, 0.1, 0.5, 0.9, 0.9, 0.5, 0.1, 0.9, 0.5, 0.1}, α3 =
{0.5, 0.9, 0.8, 0.5, 0.9, 0.8, 0.5, 0.1, 0.2, 0.5, 0.1, 0.2}, α4 =
{0.5, 0.3, 0.2, 0.5, 0.3, 0.2, 0.5, 0.7, 0.8, 0.5, 0.7, 0.8}, and

(a) UE Rates with Application Usage Dynamics.

(b) UE Bids with Temporally Changing Applications Usages.

Fig. 9. UE rates/bids variation vs. application usage changes.

α5 = {0.5, 0.9, 0.8, 0.5, 0.9, 0.8, 0.5, 0.1, 0.2, 0.5, 0.1, 0.2}.

This indicates that the 1st UE utilizes its real-time application

90% of the time duration {t|0 < t < 100} and its

delay-tolerant application 10% of the entire time interval

{t|0 < t < 100}. The sensitivity of the centralized and

distributed methods is depicted in Figure 9. From Figure

9(a), the UE rates, e.g. ri for the ith UE, changes in time

due to the changing application usage percentages of those

UEs in accordance with α(t). During each time interval,

the rates converge to optimal ones as the resource allocation

Algorithms execute. Furthermore, Figure 9(b) portrays the UE

pledged bids, e.g. wi for the ith UE, as the application usage

percentages change in accordance with α(t). Like the rates,

the bids converge to optimal values when the application

usage percentages change. In particular, we observe that the

jumps between the bids are larger at the commencement of

the resource allocation Algorithm, whereas they significantly

shrink as time elapses and the rates/bids converge to their

optimal values.

In Figure 10, we show the changes in the shadow price p

vs. time when the application usage percentages change. Here,

11



2332-7731 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCCN.2017.2685428, IEEE
Transactions on Cognitive Communications and Networking

Fig. 10. Shadow Price.

Fig. 11. Transmission Overhead.

we can observe a shrinkage of the shadow price variations

as the Algorithms execute in time. Furthermore, higher usage

corresponds to a higher shadow price. Moreover, a comparison

between the centralized and distributed architectures’ transmis-

sion overhead while the application-usage percentages change

is illustrated in Figure 11, which shows that the centralized

architecture incurs a significantly lower transmission overhead

due to the less number of transmissions it needs as opposed to

those of the distribution approach. In fact, the centralized re-

source allocation’s transmission overhead plot is very close to

the abscissa. This behavior is because the centralized method

has less message exchanges and the transmission overhead is

independent of the termination threshold δ. On the flip side,

the lower termination thresholds augment the transmission

overhead for the distributed resource allocation architecture

because the smaller thresholds make the Algorithms execute

more iterations before the resource allocation scheme con-

verges to optimal rates. More iterations are tantamount to a

larger number of messages exchanged between the BS and

UEs and escalates the transmission overhead dramatically.

For the cell with 6 UEs in Figure 1, we measure the

sensitivity of the centralized and distributed resource allocation

architectures to the changes incurred in the quantity of UEs

in the cell. The application utility function parameters are

listed in section IX and we set the termination threshold

of the Algorithms to δ = 10−3 and the total achievable

rate at the BS to R = 180. In particular, we measure

the sensitivity of the centralized and distributed architectures

when new users enter the cell so that the UE quantity at

time slot n1 = 100 is M1 = 5 and at time slot n1 + 1
the is M2 = 6. Then, the instantaneous number of users

is M(n) = M1 ; n ≤ n1 and M(n) = M2 ; n >

n1. The temporal usage of the applications in the system

is αa = {0.1, 0.5, 0.9, 0.1, 0.5, 0.0, 0.9, 0.5, 0.1, 0.9, 0.5, 0.0}
during the time interval 0 < t ≤ 100 and is

αb = {0.1, 0.5, 0.9, 0.1, 0.5, 0.9, 0.9, 0.5, 0.1, 0.9, 0.5, 0.1}.in

the time interval 100 < t ≤ 200. The results for the sensitivity

analysis are depicted in Figure 14. The simulation results

show that the distributed resource allocation architecture’s

assigned rates, pledged bids, and shadow prices deviate from

optimal values when the UEs do not rebid for resources in

the face of UE quantity changes. On the other hand, the

assigned rates, pledged bids, and shadow prices do not deviate

from the optimal values for the centralized resource allocation

architecture. Figures 12(a), 12(b), and 12(c) respectively show

the errors in UE rates |ri − r
opt
i |, in the bids |wi − w

opt
i |,

and in the shadow prices |p − popt| for the ith UE when a

new user (here UE6) enters the cell. Since the centralized

architecture retains its optimal UE rates and bids, the errors

become 0 for the centralized approach. In contrast, the dis-

tributed architecture is concomitant with peak errors before

converging to the steady state values. In addition, looking at

the rate and bid errors in Figures 12(a) and 12(b), we observe

that the UEs whose real-time applications have higher QoE

requirements, tantamount to larger inflection points in their

respective sigmoidal utility functions, undergo larger errors

vis-a-vis the other UEs. Last, Figure 12(c) portrays the error in

the announced shadow price when UE6 enters the cell. As we

can see, the centralized resource allocation architecture boasts

a zero pricing error, whereas the distributed one is susceptible

to about 30% shadow price error.

X. IMPLEMENTATION RESULTS

In this Section, we implement the centralized resource allo-

cation architecture on a real-world network scenario depicted

in Figure 13(a). The system subsumes mobile devices (UEs)

which are connected through a WiFi access point (AP) to

the Internet. The resource allocation is implemented on a

resource broker (RB) logical entity installed on a router which

shapes the traffic generated by the UEs and received by the

AP based on the application rates assigned by the resource

allocation scheme implemented on the RB unit. To implement

the scenario in Figure 13(a) on a real-world network, we

leverage a personal computer (PC) to configure the network in

a distributed manner to decrease the processing load through

a virtual machine (VM) architecture in Figure 13(b). Here,

we have used a single-socket IBM x3250 M4 server [22]

with two physical and two Peripheral Component Interconnect

(PCI) - enabled ports [23] to create 2 three-interfaced VMs.

One VM hosts the RB entity and the other forms a router

including an enforcement engine to manage rate assignments

via an onboard router traffic control, and the other VM is

a dedicated file server. The 2 VMs are annotated as ”Guest

1” and ”Guest 2” in Figure 13(b), where the router and RB

sit on ”Guest 1” and ”Guest 2”, respectively. Besides, we
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(a) UE Rates with Temporally Changing Application Usages.

(b) UE Bids with Temporally Changing Applications Usages.

(c) UE Bids with Temporally Changing Applications Usages.

Fig. 12. Sensitivity Analysis

create 3 virtual switches intended for the phone network,

for office-Internet-connected external devices, and for network

maintenance/operation issues. The traffic generated by the

real-time/delay-tolerant Youtube/HTTP applications is inelas-

tic/elastic, and we apply the centralized resource allocation

to obtain application rates (throughput). The users’ QoE is

reflected by YouTube traffic buffering occurrences. The dearth

of the aforesaid events indicates an acceptable QoE for the

application users and implies the effectiveness of the resource

allocation [20].

For the test platform in Figure 13(b), the small number

of phones working in a high throughput WiFi network is an

object of concern as it provides too ideal of a data transfer

environment to be able to appropriately illustrate the benefits

that may emerge from the traffic shaping that our resource

allocation scheme renders. To observe the traffic shaping

effects, we should impose a higher load on the network. We

do this simply by restricting the overall network bandwidth

(a) Implementation System Model

(b) Implementation Architecture

Fig. 13. Implementation prototype contains UEs, WiFi-connected to the
Internet, run delay-tolerant and real-time applications. Resource block (RB)
entity assigns rates.

to 1 Mega bits per second (Mbps). The speed of the network

under the absence of applications is measured at 32 Mbps. To

see the effect of the resource allocation scheme, we throttle

the overall network bandwidth to R = 1 Mbps. The UE1

runs the inelastic application YouTube 1 and UE2 runs the

elastic application HTTP 1. The overall average bandwidth

usage was 0.963 Mbps and HTTP 1 download completed

in 1200 seconds (s). Using WireShark [24], we obtain the

traces in Figure 14(a), where both of the applications sharing

the total 1 Mbps bandwidth annotated on the black curve

alternate in bursty transmission intervals. In particular, at

certain times, the HTTP 1 application (red curve) utilizes the

entire available bandwidth, shown by the red curve reaching

the black curve, which simultaneously zeros the Youtube 1

throughput illustrated by the green curve hitting the abscissa

(time axis). This behavior adversely affects the QoE for the

UE 1. The same situation of the network in Figure 13(b)

is repeated when the resource allocation method is applied

to have the router shape the applications traffic by optimally

assigning them rates based on their requirements. To apply the

resource allocation method, the phones UE 1 and UE 2 register

with the RB entity, where the rate allocation code calculates

the rates to be enforced at the router. The average bit rates

for the YouTube 1 and HTTP 1 are respectively 731 and 267
kbps, the convergence time for the Algorithm is measured at

528 milliseconds (ms), and the overall throughput becomes

13
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(a) Throughput: Resource Allocation Algorithm Ap-
plied.

(b) Throughput: Resource Allocation Algorithm Un-
applied.

Fig. 14. When the algorithm is not applied, YouTube 1 buffers (Figure
14(a)).

0.758 Mbps which is less than the maximum 1 Mbps available

capacity due to periods over which no YouTube traffic is

present on the network. Using Wireshark, the rates of the

YouTube 1 and HTTP 1 applications when the centralized

resource allocation is leveraged in the network under an overall

R = 1 Mbps constraint are depicted in Figure 14(b). Here, the

black curve indicates the overall available bandwidth and the

ordinate (throughput axis) shows that the network bandwidth

is confined to 1 Mbps. As we can see, YouTube 1 (green curve)

consumes more resources per the rate allocation interval than

does the HTTP 1 application, whose download time expectedly

takes longer to be completed at 2650 s. Interestingly, there

are intervals where YouTube 1 rate becomes 0, over which

HTTP 1 obtains more bandwidth; this zero-grounding behavior

is analogously observed for the HTTP 1 download. In this

experiment, we observe no YouTube buffering occurrences,

thereby it provisions a better video watching experience for

the user as opposed to the unshaped traffic scenario depicted

in Figure 14(a). Such a dearth of buffering speaks directly to

the speculated QoE in that the real-time YouTube 1 application

is provided with a consistent rate assignment such that it is

able to fill the buffer and does not require any more bandwidth

usage.

As we observed in this real-world implementation, applying

the resource allocation architecture elevates the QoE of the

users despite the fact that less resources are consumed. This di-

rectly helps communications carriers to reduce their operation

expenditure (OPEX) and customer churn. As a case in point,

the Algorithm-induced traffic shaping decreased the bandwidth

consumption from 0.963 Mbps to 0.758 Mbps, thereby a 0.205
Mbps reduction of resource consumption is stemmed which

has desirable monetary ramifications by utilizing less resources

without degrading users’ QoE.So, QoE remedy is implied in

employing the developed resource allocation.

XI. CONCLUSION

In this paper, we introduced a novel QoE-minded resource

allocation formulation for fine-grained bandwidth assignment

within the cells of cellular communications systems. We

cast the resource allocation modus operandi under a utility

proportional fairness formulation and accounted for the appli-

cation QoE requirements, subscriber differentiation, and ap-

plication usage temporal variations. Furthermore, we realized

the proposed resource allocation method with a centralized

and a distributed architecture, where the former allocated the

applications rates directly by the BS in a single stage in

response to the application utility function parameters sent by

the UEs; whereas the latter first assigned the UEs’ rates by

the BS and then the UEs allocated the running applications’

rates in the second stage.

UEs in the cells simultaneously ran both delay-tolerant and

real-time applications mathematically modeled correspond-

ingly as logarithmic and sigmoidal application utility func-

tions, where the function values represented the applications

QoE fulfillment. Not only did we prove that the proposed

centralized and distributed resource allocation architectures

were convex and solved them through the Lagrangian of their

dual problems, but also we proved the optimality of the rate

assignments. Moreover, we proved mathematical equivalence

of the distributed and centralized methods by showing the both

methods yielded in identical optimal rates and pledged bids

during their resource allocation processes for the UEs and

applications.

Furthermore, we analyzed the convergence of the solution

Algorithms that we proposed for the aforementioned resource

allocation schemes under varying bandwidth availability sit-

uations at the BS. We introduced a variation of the solution

algorithm for the distributed resource allocation architecture

which made the solutions robust; this was done by means of

incorporating decay functions into the aforementioned algo-

rithm so that it converged to optimal rates for both high and

low traffic loads occurring during the day by damping the

rate assignment fluctuations which resulted from the scarcity

of resources that appeared particularly in peak-traffic circum-

stances. It is worthwhile to point out that the centralized ap-

proach is more efficient in terms of communications overhead

and computations, however, the distributed is more efficient

in terms of user privacy of its applications and less complex

in terms of having all all calculations done at one place, so it

can lead to simpler base stations such as LTE-in-a-box which

are of becoming very popular specially for indoor.

XII. APPENDIX

For the sake of brevity and clarity, mathematical proofs

germane to some of the propositions mentioned in the article

are presented in this section.

Proposition VII.2 Proof

Proof: I) Bidding Fixed-Utility UEs: Without loss of

generality, we assume that the number of UEs change from

M1 at time slot n1 to M2 at time slot n2 and represent this

dynamic as M1 → M2. We also presume that the distributed

resource allocation architecture’s solution algorithm arrives at

the steady state rate vector as in equation (7). We proved

in Theorem III.3 that the EURA and IURA optimization

problems with M = M1 (steady state) are optimal; therefore,

the bids and rates for the M1 UEs before the time slot n1 can

be written as:
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ri(n1) = S−1
i (p(n1)), wi(n1) = p(n1)S

−1
i (p(n1)) (10)

Here, p(n1) =
∑M1

i=1 wi(n1)

R
and the rate reallocations are

done in accordance UE EURA, BS EURA, and UE IURA

algorithms with initial bids wi(1) = 1. Since the rates arrive

at the steady state at time slot n2, the EURA and IURA opti-

mizations with the M2 UEs are also optimal and the allocated

rates and pledged bids become optimal. Therefore, when the

UEs rebid for resources once the UE quantity changes (from

M1) to M2 UEs before time slot n2, the optimal rates and bids

can be written as equation (11). Here, p(n2) =
∑M2

i=1 wi(n2)

R

and the rate reallocations are done in accordance with UE

EURA, BS EURA, and UE IURA algorithms with initial bids

wi(n1). Therefore, the optimal rates and pledged bids remain

optimal for the distributed architecture when the UEs rebid

for resources in the face of the changes in the the number of

UEs.

ri(n2) = S−1
i (p(n2)), wi(n2) = p(n2)S

−1
i (p(n2)), (11)

II) Non-bidding Fixed-Utility UEs: We assume rates and

bids arrive at the steady state before time slot n1 so that the

rates and bids for M1 UEs at time slot n1 are optimal as in

Equation (12).

ri(n1) = S−1
i (p(n1)), wi(n1) = p(n1)S

−1
i (p(n1)). (12)

Here, p(n1) =
∑M1

i=1 wi(n1)

R
and the rate allocations are done

via UE EURA, BS EURA, and UE IURA Algorithms with

initial bids wi(1) = 1. When new UEs enter the cell, i.e.

M2 > M1, incumbent UE bids (i ∈ {1, 2, ...,M1}) remain

fixed for time slots n > n1 and the shadow price can be written

as p(n > n1) =
∑M1

i=1 wi(n1)+
∑M2

i=M1+1 wi(n>n1)

R
= p(n1) +

∑M2
i=M1+1 wi(n>n1)

R
. The UE pledged bids can be expressed as

wi(n > n1) = (p(n1)S
−1
i (p(n1)))I1 + p(n > n1)S

−1
i (p(n >

n1))I2 where I1 = 1 if i = {1, ...,M1} and 0 otherwise

and if I2 = 1 if i = {M1 + 1, ...,M2} and 0 otherwise .

Assuming that rates and bids converge before time slot n2

when there are M2 UEs in the system, the rates of the M2 UEs

follow Equation (12). Therefore, the optimal rates and pledged

bids at time slot n2 can be written as Equation (13). Here,

p(n1) =
∑M1

i=1 wi(n1)

R
and p(n2) = p(n1) +

∑M2
i=1+M1

wi(n2)

R

and the reallocation is done in accordance with UE EURA, BS

EURA, and UE IURA Algorithms with the initial bids wi(n1).
Since ri(n2) 6= S−1

i (p(n2)) and wi(n2) 6= p(n2S
−1
i (p(n2)),

the rate reallocation and pledged bids are non-optimal.

wi(n2) =

{
p(n1)S

−1
i (p(n1)); i = {1, ...,M1}

p(n2)S
−1
i (p(n2)); i = {M1 + 1, ...,M2}

ri(n2) =

{
p(n1)
p(n2)

S−1
i (p(n1)) ; i = {1, ...,M1}

S−1
i (p(n2)) ; i = {M1 + 1, ...,M2}

(13)

Proposition VIII.2 Proof

Proof: I) Bidding Fixed-Utility UEs: We already proved

that the EURA and IURA optimizations are optimal for M

users. Hence, without loss of generality and assuming that

the ith UE aggregate utility is Vi(ri) and its slope curvature

function is Si(ri), we can express the ith UE’s optimal

rates and bids at time slot n1 as ri(n1) = S−1
i (p(n1)) and

wi(n1) = p(n1)S
−1
i (p(n1)). Here, p(n1) =

∑
M
i=1 wi(n1)

R

and the rate allocations are done in accordance with UE

EURA, BS EURA, and UE IURA Algorithms with initial

bids wi(1) = 1. Once M ′ UEs (M ′ < M ) alter the usage

percentage of at least one of their applications, their aggregate

utility and slope curvature functions change and, with no loss

of generality, we can represent them as V ′

i (ri) and S′

i(ri),
respectively. However, M − M ′ UEs keep their aggregate

utilities Vi(ri) and slope curvature functions Si(ri). Thus, the

optimal rates and bids at time slot n2 can be expressed as

Equation (14). Here, p(n2) =
∑

M
i=1 wi(n2)

R
and the reallocation

procedure is done in accordance with UE EURA, BS EURA,

and UE IURA Algorithms with initial bids wi(n2). Since

ri(n2) 6= S−1
i (p(n2)) and wi(n2) 6= p(n2S

−1
i (p(n2)), the

rate reallocation and pledged bids are non-optimal.

wi(n2) =

{

p(n1)S
′
−1
i (p(n2)); i = {1, ...,M ′}

p(n2)S
−1
i (p(n2)); i = {M ′ + 1, ...,M}

ri(n2) =







p(n1)
p(n2)

S−1
i (p(n1)); i = {1, ...,M1}

S
′
−1
i (p(n2)) ; i = {1, ...,M ′}

S−1
i (p(n2)) ; i = {M ′ + 1, ...,M}

(14)

II) Non-Bidding Fixed-Utility UEs: Assuming the con-

verge before the time slot n1, allocated rates and pledged

bids at time slot n1 are optimal as ri(n1) = S−1
i (p(n1)) and

wi(n1) = p(n1)S
−1
i (p(n1)), where p(n1) =

∑M
i=1 wi(n1)

R
. The

resource allocation is done using the UE EURA, BS EURA,

and UE IURA Algorithms with initial bids wi(1) = 1. The

ith UE bids ({i|i = {M ′ + 1,M ′ + 2, ...,M}}) does not

change for time slots n > n1 as it does not rebid for resources.

When the application usage percentage of M ′ of the M UEs

changes, we can write the shadow price as p(n > n1) =
∑

M′

i=1 wi(n>n1)+
∑

M
i=1+M′ wi(n1)

R
=

∑
M′

i=1 wi(n>n1)

R
+p(n1). And

the UE bids can be expressed as wi(n > n1) = p(n >

n1)S
′
−1
i (p(n > n1))I1 + p(n1)S

−1
i (p(n1))I2 where I1 = 1

when i = {1, ...,M ′} and 0 otherwise and I2 = 1 when i =
{M ′+1, ...,M} and 0 otherwise. Assuming that the distributed

resource allocation converges to optimal values before the time

slot n2, final rates and bids can be expressed as Equation (15),

where p(n1) =
∑

M
i=1 wi(n1)

R
and p(n2) =

∑
M′

i=1 wi(n2)

R
+p(n1).

The procedure for the resource reallocation is in accordance

with the UE EURA, BS EURA, and IURA Algorithms with

initial bids wi(n1). Since ri(n2) 6= S−1
i (p(n2)) and wi(n2) 6=

p(n2S
−1
i (p(n2)), the rate reallocation and pledged bids are

non-optimal.

15
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wi(n2) =

{

p(n1)S
′
−1
i (p(n2)); i = {1, ...,M ′}

p(n1)S
−1
i (p(n1)); i = {M ′ + 1, ...,M}

ri(n2) =

{
p(n2)
p(n1)

S
′
−1
i (p(n2)) ; i = {1, ...,M ′}

S−1
i (p(n1)) ; i = {M ′ + 1, ...,M}

(15)
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