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Immunological Approach for Full NURBS
Reconstruction of Outline Curves from Noisy

Data Points in Medical Imaging
Andrés Iglesias, Akemi Gálvez, and Andreina Avila

Abstract —Curve reconstruction from data points is an important issue for advanced medical imaging techniques, such as computer
tomography (CT) and magnetic resonance imaging (MRI). The most powerful fitting functions for this purpose are the NURBS
(non-uniform rational B-splines). Solving the general reconstruction problem with NURBS requires to compute all free variables of the
problem (data parameters, breakpoints, control points and their weights). This leads to a very difficult non-convex, nonlinear,
high-dimensional, multimodal, continuous optimization problem. Previous methods simplify the problem by guessing the values for
some variables and computing only the remaining ones. As a result, unavoidable approximations errors are introduced. In this paper,
we describe the first method in the literature to solve the full NURBS curve reconstruction problem in all its generality. Our method is
based on a combination of two techniques: an immunological approach to perform data parameterization, breakpoint placement, and
weight calculation, and least squares minimization to compute the control points. This procedure is repeated iteratively (until no further
improvement is achieved) for higher accuracy. The method has been applied to reconstruct some outline curves from MRI brain images
with satisfactory results. Comparative work shows that our method outperforms the previous related approaches in the literature for all
instances in our benchmark.

Index Terms —Medical imaging, curve reconstruction, NURBS, artificial immune systems, metaheuristics, optimization.

✦

1 INTRODUCTION

1.1 Curve and Surface Reconstruction

F ITTING data points to curves and surfaces (also known
as curve and surface reconstruction, respectively) is a very

important research field with outstanding applications in
many industrial and applied domains. Typical examples
include geometric modeling and processing [2], [15], and
reverse engineering for computer-aided design and manu-
facturing (CAD/CAM) [16], [17], [37], [49]. Medical sciences
and bioinformatics are two important areas where curve
and surface reconstruction have also had a major impact.
A number of powerful techniques and devices developed
during the last few decades have made it possible to create
realistic and accurate visual representations of the interior
of our bodies for clinical diagnosis and treatment in either
noninvasive or minimally invasive way. Medical imaging
techniques extremely common (even pervasive) nowadays –
such as computer tomography (TC) and magnetic resonance
imaging (MRI) – have taken advantage from the spectacular
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advances in digital geometry processing to generate three-
dimensional images of inner organs and other parts of the
human body for diagnostic and therapeutic purposes.

These advances prompted a sudden boom in the use of
advanced medical imaging during the first decade of this
century. Between 1993 and 2006, the annual unit sales of
CT and MRI units nearly tripled [36], and CT grew at an
impressive annual rate of 14.3 percent during the period
2000-2005. Very recently, the world’s largest medical imag-
ing study made headlines in the newspapers [45]: about
100,000 British volunteers (from half a million middle age
people already taking part in UKBioBank, a massive project
set up in 2006 to gather medical and lifestyle data on the
UK population) will have their hearts, brains, bones and
body fat scanned to help doctors find links between diseases
[45]. Reasons for this popularity of medical imaging are
varied, but several studies linked its use to various positive
outcomes, such as “longer life expectancy, declines in mortality,
less need for exploratory surgery, fewer hospital admissions, and
shorter lengths of hospital stays” [36].

Curve and surface reconstruction are at the core of
digital medical imaging techniques. Think about - for ins-
tance - the multiplanar CT, which consists of generating a
volumetric shape from a collection of axial slices. Typical
solutions to this problem are based on surface reconstruction
either from a series of planar curves defining the boundary
of that volume at different slices or from a collection of
three-dimensional data points captured at different layers.
Modern CT/MRI machines can provide images in classical
DICOM (Digital Imaging and Communications in Medicine)
file format with a spacing between consecutive slices of 1
mm. or even less, thus providing more detailed anatomical
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data for reconstruction. Other medical imaging techniques
make also use of intensive curve (resp., surface) reconstruc-
tion algorithms to derive boundary curves (resp., surfaces)
between surfaces (resp., volumes) corresponding to diffe-
rent organs or tissues.

Other important field of application of curve and surface
reconstruction algorithms is biomedical engineering, partic-
ularly for the generation of prosthesis and customized med-
ical implants. The widespread popularization and sharp
decline of prices of 3D printers, additive layer manufac-
turing technologies, and handheld scanning devices (that
have gone from very expensive to easily affordable in a
matter of few years) have transformed the typical landscape
of surgical implants and prosthesis. Researchers are now
using specialized 3D printers to grow human tissues and
even organs. Intensive research is currently conducted on
new biomimetic materials such as polymers to help the
body rebuild damaged tissue on printed scaffolds. Also,
bio-printing is making significant contributions in helping
patients to fully understand their health condition and
enhancing the comprehension of health problems such as
tumors in inner organs from their 3D printed counterpart
models.

1.2 NURBS in Medical Imaging

Several approaches - such as polygonal meshes and CSG
(Constructive Solid Geometry) models - have been proposed
for shape reconstruction. However, the most reliable and ac-
curate reconstruction techniques are based on mathematical
curves and surfaces, usually described in parametric form.
Among them, the so-called free-form parametric entities
(such as Bézier, B-splines and NURBS) have become very
popular in computer graphics and many related fields. Ar-
guably, the most powerful ones are the NURBS, an acronym
for Non-Uniform Rational B-Splines. They are an extension
of the classical piecewise polynomial B-splines, so they share
many useful properties. However, the NURBS have more
degrees of freedom and, therefore, the ability to represent
a larger class of shapes than the polynomial B-splines (e.g.,
conics and quadrics).

Owing to these valuable features, NURBS have become
an essential tool for several medical imaging purposes.
For instance, they offer an attractive alternative to uniform
polynomial B-splines in modeling the displacement vector
field (DVF) in deformable image registration. The NURBS
capability to add extra flexibility through breakpoint place-
ment and weights provides new degrees of freedom and
increases local control as well as the ability to explicitly
represent topological discontinuities [31]. The NURBS are
also widely used in the generation of computational human
phantoms (models of the human body that can replicate
the internal structure and organs of the human body very
accurately). Because the anatomy and physiology of the
phantom are well known, computer-generated phantoms
are very useful for the development and assessment of
medical imaging devices, image processing techniques, and
volumetric reconstruction algorithms. While the first gen-
erations of digital phantoms were mostly based on either
simple primitives (stylized phantoms) or volumetric pixels
(voxel phantoms), current models are increasingly using

NURBS for more realistic representation and higher accu-
racy. In fact, the NURBS allow for 4D phantoms, where
simulations are typically performed not only in the three
dimensional space but also over the time. An illustrative
example is the 4D XCAT phantom from Johns Hopkins
Medicine, where NURBS are used to construct organ shapes
using the three-dimensional Visible Human CT dataset as a
preliminary basis, and then extended to 4D using 4D tagged
MRI and CT data for cardiac and respiratory motions,
respectively. This technology also allows to take advantage
of the last developments in genetics and molecular biology
regarding small animal imaging, an emerging area in which
new devices and techniques for molecular imaging research
are needed. An illustrative example is the 4D MOBY phan-
tom, where dynamic NURBS surfaces defined by series of
temporal curves are applied to generate a continuous model.

Yet, the most important application of NURBS in med-
ical imaging comes from curve and surface reconstruction.
Typically this task involves a first segmentation stage, where
the massive cloud of data points is partitioned into different
regions according to a threshold value; then, a shape recon-
struction stage is carried out by using individual NURBS
for each region, which are subsequently combined together
to construct a single full model. At its turn, the shape
reconstruction stage can be further split into several sub-
tasks: data parameterization, breakpoint placement, weight
calculation, and control point computation (see Section 5.1
for details).

Shape reconstruction with NURBS is extremely difficult,
because it requires to compute many different sets of un-
knowns (data parameters, breakpoints, control points, and
weights) that are strongly intertwined in a highly compli-
cated and nonlinear way. As a consequence, the problem of
computing all these free variables cannot be decomposed
into independent sub-problems for each particular set of
variables, leading to a challenging optimization problem.
The problem has become so difficult that all classical math-
ematical optimization techniques have failed so far to pro-
vide a satisfactory solution for the general case.

A classical way to overcome this limitation has been
to simplify the general problem by manually setting the
values for some of those sets of variables, then perform
optimization for the remaining ones. Obviously, the result-
ing reconstructed shape is not fully optimized and contains
errors derived from the initial choice of values for some
unknowns. Moreover, making a good initial guess of suit-
able values requires considerable expertise. This task is also
very time-consuming because it is performed on a trial-
and-error basis and is strongly problem-dependent. Clearly,
there is a need for powerful methods to compute all free
variables simultaneously and automatically. This is one of the
main contributions of this paper.

1.3 Aims and Structure of this Paper

This paper introduces a new method for full NURBS re-
construction of outline curves in medical imaging from
a given set of noisy data points. This problem is very
challenging, as it becomes a difficult non-convex, nonlin-
ear, high-dimensional, multimodal, continuous optimiza-
tion problem. The differential feature of this method is its
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generality: although there are some previous methods using
NURBS curves, they are strongly limited because they do
not compute all free variables of the problem (data parame-
ters, breakpoints, control points and their weights). Instead,
they simplify the problem by making an initial choice of
values for some of those variables and just computing
the remaining ones. Obviously, unavoidable approximations
errors are introduced during this simplification process. On
the contrary, our method uses totally general NURBS curves
as fitting functions; therefore, all free variables of the problem
are fully computed. To the best of our knowledge, this is the
first method solving the problem of curve reconstruction with
NURBS in all its generality.

Our method is based on a combination of two tech-
niques: an immunological approach - called modified clonal
selection algorithm - to perform data parameterization,
breakpoint placement, and weight calculation, and least
squares minimization to compute the control points. This
procedure is repeated iteratively (until no further improve-
ment is achieved) for higher accuracy.

The structure of this paper is as follows: Section 2
describes the previous work in the field. The mathematical
background about B-spline and NURBS curves required
to understand the paper along with the problem of curve
reconstruction with NURBS are explained in Section 3. Then,
Section 4 describes briefly the artificial immune systems,
with emphasis on the clonal selection algorithm, the im-
munological approach used in this paper. Our proposed
method is described in detail in Section 5, including the
important issues of parameter tuning and computational
complexity. Section 6 describes our experimental results,
some implementation issues, and the computational exe-
cution time. Comparative work of our method with other
previous related approaches is reported in Section 7. The
paper closes with the main conclusions of this work and
some ideas for future work.

2 PREVIOUS WORK

Shape reconstruction with free-form parametric curves has
been an active field of research for many years. First ap-
proaches in the field were numerical procedures based
on classical mathematical optimization methods [10], [11].
These early works focused on the parameterization step, i.e.,
how to obtain good parametric values for the data points. At
that time, some (currently common) techniques such as the
uniform, arc-length, and centripetal parameterizations were
developed [11], [42]. The uniform parameterization (where
all data parameters are equally spaced) is a popular choice
because of its simplicity. However, in many practical settings
it is more convenient to obtain a parameterization as close
as possible to the arc-length parameterization. With this
parameterization, constant steps on the parametric domain
automatically transforms into constant distances along the
arc-length parameterized curve. This property has many
useful applications, such as measuring distances along the
curve. The centripetal method is an extension of the arc-
length parameterization that yields better results for shapes
exhibiting sharp turns [42].

Once the parameterization step is solved, we have still
to compute the breakpoints. Early approaches proceeded

by setting the number of breakpoints a priori and then
computing their location according to some formula [32],
[40], [41], [50]. The simplest way to do it is to consider
equally spaced values, the so-called uniform breakpoint vector.
Very often, this approach is not appropriate as it may lead to
singular systems of equations and does not reflect the real
distribution of data. A more refined procedure consists of
the averaging method and its variations [42], which allocate
breakpoints to ensure that every interval span contains at
least one parametric value.

Years later, it was shown that B-spline curve reconstruc-
tion improves dramatically if the breakpoints are treated as
free variables of the problem [33]. Traditional techniques
change the number of breakpoints through breakpoint in-
sertion or removal. Usually, these methods require terms or
parameters (e.g., tolerance errors, smoothing factors, or cost
functions) whose values are chosen in subjective fashion
[10], [24], [33]. Therefore, they fail to automatically gene-
rate a good breakpoint vector. In addition, these methods
are usually be prone to errors and time-consuming. Other
approaches use error bounds [40], curvature-based squared
distance minimization [50], or dominant points [41]. In gen-
eral, they perform well but require some strong constraints
(such as high differentiability, closed curves, noiseless data)
which are very difficult to meet for many real-world appli-
cations. Other methods use curvature information extracted
from input data [34], [35]. They are, therefore, restricted to
smooth data points and are very sensitive to noise in data.

In the last few years, some artificial intelligence tech-
niques have been applied to this problem. Most of these
methods rely on some kind of neural networks, such as
standard neural networks [26], or Kohonen’s self-organizing
maps nets [28], sometimes combined with partial differ-
ential equations [1] or other approaches [30]. The gener-
alization of these methods to functional networks (where
the scalar weights are replaced by functions) is analyzed
in [29]. The application of support vector machines to this
problem is reported in [32]. All these methods are restricted
to particular (usually very simple) cases and do not address
the general case.

A promising line of research is given by the nature-
inspired metaheuristic algorithms, which have become very
popular to solve difficult optimization problems [52]. Basi-
cally, they refer to a broad set of computational techniques of
different types that either imitate or are simply inspired by
processes typically found in nature [51]. Among them, the
majority are based on successful characteristics of biological
systems; such methods are labeled as bio-inspired methods
as well. The interested reader is kindly referred to the nice
book [51] for an introduction to the field of nature-inspired
metaheuristic algorithms; see also [12] for a brief review
of nature-inspired algorithms for optimization. The nature-
inspired metaheuristics applied to B-spline curves can be
classified into two groups: discrete approaches and contin-
uous approaches. Methods in the former group convert the
original continuous problem into a discrete combinatorial
optimization problem solved by either genetic algorithms
[43], [53] or artificial immune systems [47]. As expected, this
conversion process introduces large discretization errors,
making them both inaccurate and unreliable for real-world
problems. The continuous methods avoid the discretization
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errors but they generally restricted to the simpler case of
explicit functions (that do not require data parameteriza-
tion) and cannot deal with the parametric case [14], [18],
[21], [23], [54]. The hybrid approaches tend to be slow,
time-consuming and difficult to implement, as they usually
require additional sophisticated methods [17], [22]. The
methods in [19], [20], [55] consider the case of parametric
B-spline curves but only compute some of the variables,
either the data parameters [19] or the breakpoints [20], [55],
so they cannot solve the general case. In addition, the work
in [55] is strongly limited to closed curves. Finally, none of
these methods considers the addition of weights and are
therefore, limited to the polynomial case. As a consequence,
they cannot deal with the (more difficult) case of NURBS
curves.

To summarize, there is no method reported in the litera-
ture so far to solve the general curve reconstruction problem
with NURBS curves. The method presented in this paper is
aimed at filling this gap.

3 MATHEMATICAL BACKGROUND

3.1 B-spline and NURBS Curves

3.1.1 B-spline Basis Functions

Let Υ = {µ0 = α, µ1, . . . , µσ, µσ+1 = β} be a non-
decreasing sequence of non-negative real numbers on the
compact interval [α, β] ⊂ R. Note that in this paper vectors
are denoted in bold. Without loss of generality, [α, β] can
be assumed to be [0, 1]. The elements of Υ are called
breakpoints. For each sequence Υ, the k-th B-spline basis
function ϕk,ρ(τ,Υ) of order ρ (or, equivalently, degree ρ − 1)
and breakpoints Υ is defined by the Cox-de Boor recurrence
relations [3], [11], [42]:

ϕk,1(τ,Υ) =







1 if µk ≤ τ < µk+1

0 otherwise
(1)

for k = 0, . . . , σ, and:

ϕk,ρ(τ,Υ) =
τ − µk

µk+ρ−1 − µk

ϕk,ρ−1(τ,Υ)+

µk+ρ − τ

µk+ρ − µk+1
ϕk+1,ρ−1(τ,Υ)

(2)

for ρ > 1 and k = 0, . . . , σ − ρ + 1. If necessary, the

convention
0

0
= 0 in Eq. (2) is applied.

It is worthwhile to mention that, according to Eq. (2),
the {µj}j are not only in the numerator but also in the
denominator of ϕk,ρ(τ,Υ). This means that ϕk,ρ(τ,Υ) is
a nonlinear function of Υ. Note that k-th B-spline basis
function of order 1, ϕk,1(τ,Υ), is a piecewise constant
function with value 1 on the interval [µk, µk+1), called the
support of ϕk,1(τ,Υ), and zero elsewhere.

From Eq. (2) it is clear that every basis function
ϕk,ρ(τ,Υ) of order ρ > 1 is a combination of two consec-
utive basis functions of order ρ − 1, so its support is given
by the interval [µk, µk+ρ). Also, for ρ > 1, the functions
ϕk,ρ(τ,Υ) fulfill the following two conditions:

(C1) ϕk,ρ(τ,Υ) is a polynomial spline of degree up to
ρ − 1 on each interval [µk, µk+1), and

(C2) ϕk,ρ(τ,Υ) and its derivatives up to order ρ − 1 are
continuous on [µk, µk+1).

The dimension of the vector space of functions satisfying
conditions (C1) and (C2) is σ + ρ. The vector of breakpoints
Υ yields σ − ρ + 2 linearly independent basis functions of
order ρ. The remaining 2(ρ−1) basis functions are obtained
by imposing the boundary conditions µ−ρ+1 = µ−ρ+2 =
· · · = µ−2 = µ−1 = µ0 = α and µσ+1 = µσ+2 = · · · =
µσ+ρ = β. With this choice of boundary breakpoints all
basis functions vanish outside the interval domain [α, β].

3.1.2 B-spline Curves
A B-spline curve Φ(τ,Υ) of order ρ and breakpoints Υ is a
piecewise polynomial curve given by:

Φ(τ,Υ) =

δ
∑

i=0

Ξi ϕi,ρ(τ,Υ) (3)

where Ξ = {Ξi}i=0,...,δ are vector coefficients of the curve
in R

d (typically, d = 2 or d = 3) called control points and
{ϕi,ρ(τ,Υ)}

i
are the basis functions defined according to

Eqs. (1)-(2). B-spline curves are very popular in many fields
because of their remarkable properties, such as:

• Invariance under affine transformations: any affine
transformation (e.g. scaling, rotation, or translation)
on the curve can be done directly on its control
points.

• Local support: a single span of a B-spline curve is con-
trolled by only ρ control points, and any control point
only affects ρ spans. In particular, any displacement
of the control point Ξk in Eq. (3) only affects the inter-
val [µk, µk+ρ) while other parts of the curve remain
unchanged. This is a very convenient feature because
it means that the curve can be modified locally (i.e.,
the curve has the desirable property of local control, as
opposed to global control schemes such as the Bézier
curves). Note that the region affected by the control
point displacement can be controlled by moving the
breakpoints µk, µk+1, . . . , µk+ρ.

• Geometric continuity: This property comes directly
from the previous one. Each piece of the B-spline
curve is a polynomial of class Cρ−1. The curve is
also continuous at the breakpoints. When all internal
breakpoints are distinct, its derivatives are also con-
tinuous up to degree ρ−1. If internal breakpoints are
repeated λ times at a given value of τ , the order of
continuity is reduced to Cρ−λ at that point.

• Extension of Bézier curves: the Bézier curves are in-
cluded in the B-spline formalism. In particular, any
Bézier curve of degree κ is a B-spline curve with
no internal breakpoints and both end breakpoints
repeated κ + 1 times.

3.1.3 NURBS Curves

The polynomial representation in Eq. (3) is not powerful
enough to represent a variety of shapes, particularly the
conics (e.g., circles, ellipses, and hyperbolas). One way to
overcome this limitation is to use homogeneous coordinates
(see [11], [42] for details). The basic idea is to consider
the projection of the standard polynomial B-spline curve
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in R
d+1, with new control points Ξh

i . The resulting curve
projected onto R

d is called a NURBS curve. Mathematically,
a NURBS curve Ψ(τ,Υ) of order ρ and breakpoints Υ can be
described as a quotient of two polynomials:

Ψ(τ,Υ) =

δ
∑

i=0

ωi Ξi ϕi,ρ(τ,Υ)

δ
∑

i=0

ωi ϕi,ρ(τ,Υ)

(4)

where ωj is the last coordinate of the homogeneous control
point Ξh

i . This set of new scalar parameters {ωi}i=0,...,δ,
called weights, provides us with additional degrees of free-
dom for better shape approximation. They also increase the
model complexity, however, as we introduce a new set of
parameters that have to be computed as well.

The boundary constraints imposed in Section 3.1.1 have
the effect to force the curve to interpolate the first and last
control points, i.e., Ψ(α,Υ) = Ξ0 and Ψ(β,Υ) = Ξδ, a
very desirable property in medical applications and many
other fields. Note however that the method described in this
paper is actually independent of these constraints.

NURBS curves are an extension of the B-spline curves.
If all {ωj}j are identical, Eq. (4) automatically transforms
into Eq. (3). As a consequence, the NURBS inherit many
of the valuable B-spline properties, such as those discussed
in Section 3.1.2. However, NURBS are even more powerful
and have remarkable advantages over the polynomial B-
splines. For instance, they are also invariant under projective
transformations, and provide a common mathematical form
for both standard analytical shapes (such as the conics,
which are not properly represented with polynomial B-
spline curves) and free-form shapes. This explains why
NURBS are currently the standard de facto for CAD/CAM,
computer graphics and many other fields. Because of these
reasons, in this paper we will focus on the problem of
curve reconstruction with NURBS curves, discussed in next
section.

3.2 Curve Reconstruction with NURBS

Let us consider an input set of measured data points
{Θk}k=1,...,η, obtained by computer tomography, magnetic
resonance imaging, or any other medical imaging technique.
The goal of curve reconstruction with NURBS consists of
obtaining the NURBS curve Ψ(τ,Υ) of a given order ρ
approximating better the data points {Θk}k. Since the fit-
ting curve is parametric, a suitable parameterization of data
points is needed, so that each data point Θk is associated
with a data parameter value, denoted as ζk ∈ [α, β]. Due to
the boundary conditions introduced in previous section, it
is possible to take Ψ(ζ1,Υ) = Θ1 and Ψ(ζη ,Υ) = Θη and
perform approximation on the remaining parameters:

Θk ≈ Ψ(ζk,Υ) =

δ
∑

i=0

ωi Ξi ϕi,ρ(ζk,Υ)

δ
∑

i=0

ωi ϕi,ρ(ζk,Υ)

(5)

for k = 2, . . . , η−1. Introducing the rational basis functions:

ξj,ρ(τ,Υ) =
ωj ϕj,ρ(τ,Υ)
δ

∑

i=0

ωi ϕi,ρ(τ,Υ)

(6)

the Eq. (5) can be written as a linear combination of these
rational basis functions, as:

Θk ≈ Ψ(ζk,Υ) =

δ
∑

i=0

Ξi ξj,ρ(ζk,Υ) (7)

Eq. (7) can be written in matrix notation as:

Θ = ∆.Ξ (8)

where Θ = (Θ2, . . . ,Θη−1)
T , Ξ = (Ξ0, . . . ,Ξδ)

T , ∆ =
(

{ξj,ρ(ζk,Υ)}
j=0,...,δ ; k=2,...,η−1

)

is the matrix of sampled

B-spline rational basis functions, and (.)T represents the
transpose of a vector or matrix. The dimension of the search
space D ⊂ R

d in Eq. (8) is given by: d(δ +1)+σ + η + δ−1,
which could be very large (up to thousands and even
millions) for very complicated shapes.

System (8) is overdetermined, because it is commonly
expected to approximate the data with far fewer parameters
than the number of data points. Consequently, the matrix
of basis functions ∆ is not invertible and no direct solution
can be obtained. In this case, we consider the least squares
approximation of (5), defined as the minimization problem
given by:

Λ = minimize
{Ξi}i
{µj}j

{ζk}k

{ωi}i















η−1
∑
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(9)
where ℓ2 represents the Euclidean norm (although any other
norm might be used instead).

In many real-world examples there is no information
available about the problem other than the data points,
meaning that all free variables of the problem:

• control points, {Ξi}i,
• data parameters, {ζk}k,
• breakpoints: {µj}j ,
• and weights: {ωi}i,

are to be calculated. This is a very difficult and challenging
task. The main reason is that all these free variables are
related to each other in a highly nonlinear and compli-
cated way. In fact, the computation of any of these sets
of variables requires to know in advance suitable values
for the other sets, thereby preventing us from solving the
general problem. This explains why previous methods in
the literature are based on making a “reasonable” choice of
values for some of those variables, which are subsequently
used to compute the remaining values of the others (see our
discussion about previous work in Section 2).

Although this procedure might be acceptable for some
applications, it has several drawbacks: its performance is
strongly dependent on the choice of initial values for the
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fixed variables, a task that typically requires a lot of expe-
rience from the user. In addition, this choice is problem-
dependent, meaning that good values for a particular ex-
ample might not work well for another given example. As
a consequence, this process remains mostly manual and
no automatic procedure is usually applied. Moreover, the
problem is non-convex, since the curve is a non-convex
function of the breakpoints. Very often, it is also a multi-
modal problem, since there could be several (local and/or
global) minima of the objective function.

To summarize, Eq. (9) represents a strongly non-convex
nonlinear high-dimensional multimodal continuous optimization
problem. The method proposed in this paper solves this
(extremely difficult) problem by applying a powerful bio-
inspired immunological approach called artificial immune
systems, described in next section.

4 IMMUNOLOGICAL APPROACH FOR OPTIMIZA-
TION

4.1 Artificial Immune Systems

In recent years there is an increasing interest in biological
systems as an inspiring source of ideas for new compu-
tational algorithms for optimization. Amongst them, the
Artificial Immune Systems (AIS) have shown a remarkable
ability to solve complex optimization problems in several
fields. The term AIS refers to a powerful computational
methodology mimicking the biological immune system of
humans and other mammals. Therefore, rather than a single
technique, AIS consists of a group of computationally intel-
ligent systems inspired by the behavior and processes of the
immune system. The reader is kindly referred to [4], [8], [9]
for a gentle introduction to the field. See also [46] and [27]
for further details about the theoretical advances on AIS and
some areas of application, respectively.

Unfortunately, the immune system is far more compli-
cated than it was anticipated. As a result, no single AIS
encompasses all features of a real immune system. Instead,
there are several models in AIS, each focused on the im-
plementation of one or a few of those features. Relevant
examples of AIS models include negative selection [13], ar-
tificial immune network [39], dendritic cells [25] and clonal
selection [6]. Because of its appealing features regarding the
optimization of multimodal functions [7] in this paper we
focus on the clonal selection algorithm.

4.2 The Clonal Selection Algorithm

4.2.1 Main Concepts and Features

The Clonal Selection Algorithm (CSA) is an immunological
approach proposed in 2000 by De Castro and Von Zuben [5],
[6], [7]. It based on the clonal selection principle, a widely ac-
cepted theory that explains the basic features of an adaptive
immune response to an antigenic stimulus. When we are
exposed to an antigen, Ag, our immune system responds
by producing antibodies, Ab’s, which are molecules whose
aim is to recognize and bind to Ag’s. Each single type of Ab
is relatively specific for the Ag. The degree of specificity
is called the affinity of the couple Ag-Ab. According to
the clonal selection theory, only those cells recognizing the
antigens are selected to proliferate. Such cells are subject to

an affinity maturation process, which improves their affinity
to the selective Ag’s over the time.

The learning process of the immune system involves
raising the relative population size and affinity of the lym-
phocytes successful in recognizing a given Ag. A clone
will be created temporarily and those progenies with low
affinity will be discarded. Since an organism is expected to
encounter a given Ag several times during its lifetime. the
effectiveness of the immune response to secondary encoun-
ters is enhanced by the presence of memory cells associated
with the first infection, capable of producing high-affinity
Ab’s just after several encounters.

Ab’s in a memory response show a higher affinity than
those of the early primary response. This process is called
the maturation of the immune response. Then, random
changes (mutation) are introduced into the genes responsi-
ble for the Ag-Ab interactions, increasing occasionally the
affinity of the Ab. A rapid accumulation of mutations is
necessary for a fast maturation of the immune response,
even although most of the changes lead to poorer Ab’s.
When a B cell recognizes an antigen, it is stimulated to
divide at an extremely high rate of somatic mutation, about
five or six orders of magnitude greater than the normal rate
of mutation. This process is called somatic hypermutation, and
is regulated by the fact that cells with low-affinity receptors
may be further mutated and die if they do not improve
their clone size or antigenic affinity; on the contrary, hy-
permutation may become gradually inactive in cells with
high-affinity Ab receptors.

Usually, the problem to be solved is represented through
a Ag-Ab codification and we use a distance measure (called
the affinity measure), to calculate their degree of interaction.
This affinity, represented by Af(Ab, Ag), can be measured
as the distance between two arrays or vectors. If they are
real-valued vectors, the Manhattan or Euclidian distances
can be used; if they are binary symbols, the Hamming
distance is usually applied (see [4] for more details).

4.2.2 The Algorithm

Fig. 1 shows the flowchart of the original CSA, designed
for pattern recognition purposes [5], [7]. The algorithm
considers two populations: a set of antigens Ag{M} and a
set of antibodies Ab{N}. For the sake of clarity, cardinality
is indicated by the subindexes within brackets. The latter is
further divided into two subsets: memory Ab set, Ab{m},
and remaining Ab set, Ab{r}, such that m+ r = N . We also
keep track of two other sets: the set Ab{n} of the n Ab’s
with the highest affinities to a given Ag, and the set Ab{d}

of the d new Ab’s that will replace the low-affinity Ab’s from
Ab{r}. The algorithm can be summarized as follows:

1) Random choice of an antigen Agj . It is presented to
all antibodies of Ab{N}.

2) Compute the vector affinity F = (F1, F2, . . . , FN )
where Fi = Af(Abi,Agj).

3) Select the n highest affinity components of F to
generate Ab{n}.

4) Elements of Ab{n} will be cloned adaptively. The
number of clones is proportional to the affinity: the
higher the affinity, the higher the number of clones.
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Fig. 1. Flow chart of the clonal selection algorithm described in [5], [7]
for pattern recognition purposes.

Such amount is given by: Nc =

n
∑

h=1

round

(

β.N

h

)

where Nc represents the number of clones, β is a
positive number that plays the role of a multiplying
factor, N is the total number of Ab’s and round(.)
is the operator that rounds its argument toward the
closest integer.

5) The clones resulting from the previous step are
subjected to somatic hypermutation. The affinity
maturation rate is inversely proportional to the anti-
genic affinity: the higher the affinity, the smaller the
maturation rate.

6) Compute the vector affinity of Agj with respect to
the new matured clones.

7) From this set of matured clones, select the one with
the highest affinity to be candidate to enter into the
set Ab{n}. If Af(Abk,Agj) > Af(Abl,Agj) for a
given Abl ∈ Ab{n}, then Abk will replace Abl.

8) Replace the d Ab’s with lowest affinity in Ab{r} by
new individuals in Ab{r}.

Each execution of the previous steps for all given Agj ,
(j = 1, . . . , M ) is called a generation. The algorithm is
repeated for a certain number of generations, Ngen, a pa-
rameter that is problem-dependent. This algorithm is well-
known to be very well suited for optimization problems [6],
[7], [27].

4.2.3 Modified Algorithm for Multimodal Problems
The previous algorithm is only applicable to supervised
problems, where an explicit Ag{M} population is available
for recognition. To overcome this limitation, a modified
version of CSA for multimodal optimization problems was
proposed in [7]. Its main changes are:

• We do not need to maintain a separate subset of
memory Ab{m}, because no specific Agj has to be
recognized. Instead, the whole population of anti-
bodies will compose the memory set.

• The affinity function corresponds to the evaluation of
the least-squares function, so that each Ab represents
a potential solution of the problem.

• Not only the best one but also several Ab’s with high
affinity are selected in step 7 of the algorithm.

• There is no need maintain set Ab{n}, since all Ab’s
in the population can be selected for cloning in step
3.

• In that case, we do not need an affinity proportionate
cloning. All antibodies will be cloned at the same
rate (i.e., the number of clones generated for each
antibody keeps the same).

5 THE PROPOSED METHOD

5.1 Overview of the Method

The method presented in this paper is based on the appli-
cation of the modified clonal selection algorithm to solve
the optimization problem given by Eq. (9). As discussed
in Section 3.2, the problem consists of solving the general
problem of curve reconstruction from noisy data points with
NURBS curves. To address this problem at full extent, we
have to perform four different (but strongly related) tasks:

1) data parameterization,
2) breakpoint placement,
3) control point computation, and
4) weight calculation.

As a result, we have to compute the optimal values for four
different sets of free variables: data parameters, breakpoints,
control points, and their weights. This means that the opti-
mization must be applied to all variables, not only to some of
them as previous works actually did (see our discussion in
Section 2). Unfortunately, the problem is more difficult than
it seems at first sight because the four sets of variables are
strongly intertwined in a highly nonlinear and complicated
way.

Our method addresses this critical problem by applying
optimization at two different stages: firstly, we consider
an initial random vector of control points and apply the
modified version of the clonal selection algorithm for mul-
timodal problems to obtain optimal values for the data
parameters, breakpoints, and weights. Such optimal values
are subsequently used at a second stage to compute the
control points. As explained before, the resulting system of
equations is overdetermined, so the control points are com-
puted through least-squares minimization by using either
LU decomposition or SVD (singular value decomposition).
This process is repeated until a prescribed stopping criterion
is met. This final procedure yields the NURBS curve that fits
the data points better in the least-squares sense.



1545-5963 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCBB.2017.2688444, IEEE/ACM
Transactions on Computational Biology and Bioinformatics

IEEE/ACM TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS 8

5.2 Description of the Method

In this section, the method is formalized and each stage of
the method is discussed in detail.

5.2.1 Stage I: Optimization with the Modified CSA

In this stage, we apply the modified clonal selection algo-
rithm to perform data parameterization, breakpoint place-
ment, and weight computation. The input of this first stage
is the set of noisy data points, {Θk}k=1,...,η, and the or-
der of the approximating NURBS curve, ρ. Since all free
parameters to be computed at this stage (data parameters,
breakpoints, and weights) are related to the control points,
we also assume an initial random vector of control points,

denoted by {Ξ
(0)
i }i. The output of this stage is given by

the data parameters, {ζ∗k}k, breakpoints {µ∗
j}j , and weights

{ω∗
i }i, associated with this initial population (the super-

script ∗ is used to indicate this association). This stage can
be mathematically represented as:

(

{Θk}k, {Ξ
(0)
i }i, ρ

)

−→
(

{ζ∗k}k, {µ∗
j}j , {ω

∗
i }i

)

(10)

However, in order to apply the modified CSA to our prob-
lem, some additional issues must be addressed, as described
in next paragraphs.

Representation scheme for antibodies: Firstly, we need
an adequate representation scheme for antibodies. We con-
sider a population of individuals consisting of the vectors

S
(q)
l = {P

(q)
l ,B

(q)
l ,W

(q)
l }, for l = 1, . . . , Nab, where the

superscript (q) denotes the iteration step and Nab is the total
number of antibodies (i.e., the population size). The first and

second components of S
(q)
l , given by the real-valued vec-

tors P
(q)
l = {ζ

(q)
2,l , . . . , ζ

(q)
η−1,l} and B

(q)
l = {µ

(q)
1,l , . . . , µ

(q)
σ,l},

account for the data parameterization and the breakpoint
vectors, respectively. They are initialized respectively with
η − 2 and σ uniformly distributed random values on the

interval (0, 1). The elements in both vectors P
(q)
l and B

(q)
l

are sorted in increasing order after initialization to meet the
ordered structure of the data points and the breakpoints.
Finally, the last component represents the vectors of weights

W
(q)
l = {ω

(q)
0,l , . . . , ω

(q)
δ,l } of length δ +1, initialized with uni-

formly distributed random values on the interval (0, 100).
Somatic hypermutation: As mentioned above, our prob-

lem is intrinsically multimodal. However, our aim is to
obtain the optimal choice for the different sets of variables
rather than a collection of multiple local optima. Conse-
quently, we still keep the set Ab{n} so that only the best
antibodies will be cloned. The number of clones varies with
the affinity, according to the following rule:

Nc =

n
∑

j=1

round [(υj + 1).Λ.Nab], (11)

where υ1 = 5, υ2 = 3, υ3 = 1, and υj = 0 for j ≥ 4,
and Λ is a multiplying factor. Thus, the antibodies with
higher affinity will have more clones, which at turn will
then undergo mutation as explained in next paragraph.

Mutation mechanism: In this work we apply a single-
point, inductive uniform mutation operator for each vector

P
(q)
l (respectively, B

(q)
l and W

(q)
l ). It introduces random

perturbations on one randomly chosen component νi of

the corresponding part of the antibody. This component

is mutated according to the rule: νi → νi −
Π

2

(

u −
1

2

)

,

where Π = min
{νi

2
, 1 − νi

}

and u is a random value

from the distribution U(0, 1). In other words, the attribute
νi is perturbed by an additive uniform random number
bounded in the neighborhood of νi, while all other attributes

{νj} of the vector P
(q)
l (respectively, B

(q)
l and W

(q)
l ) remain

unaltered. Finally, the elements of the vectors P
(q)
l and B

(q)
l

are rearranged to keep the ordering from the previous step.

Elitism: Our algorithm is enriched by elitism, so that Ne

of the better Ab’s from the current generation are kept in the
next, unaltered. This process is regulated by the parameter
Ne. This feature provides faster convergence rates with
respect to the non-elitist variant and improves the memory
capacity of our approach.

Affinity measure: a procedure to compute the affinity
is needed. In this work, the goal is to minimize the least-
squares error function given by (9). However, this error
function does not take into account the number of data
points, so we also compute the RMSE (root mean square
error) function, given by:

RMSE =

√

√

√

√

√

√

√

√

√

√

√

√

η−1
∑

k=2















Θk −

δ
∑

i=0

ωi Ξi ϕi,ρ(ζk,Υ)

δ
∑

i=0

ωi ϕi,ρ(ζk,Υ)















2

η − 2
(12)

Finally, before searching for the solution of the problem,
some control parameters should be set up. The issue of
parameter tuning is explained in detail in Section 5.3. Then,
the modified CSA is executed for the given number of
generations. The antibody with the best (i.e., minimum)
affinity value is selected as the best solution of the problem.
It is represented by S̄(q) = {P̄(q), B̄(q), W̄(q)}.

5.2.2 Stage II: Least-Squares Data Fitting

The optimal values for the data parameters, breakpoints,
and weights obtained in the previous stage are now inserted
into Eq. (8) to compute the control points {Ξi}i. The result-
ing equation becomes now convex and linear, but the system
is overdetermined so no explicit solution can be directly ob-
tained. In this case, we rely on standard numerical methods,
in particular, least-squares minimization. From Eq. (9), after
insertion of parameters {ζk}k, {µj}j , and {ωi}i, we get:

min
{Ξi}i

||Θ− ∆.Ξ||2 (13)

where the optimization is now only performed on the con-
trol points {Ξi}i. The necessary condition for Ξ to be the
solution of (13) is that:

∆T .∆.Ξ = ∆T .Θ (14)

which leads to the normal equation:

Γ.Ξ = Σ (15)
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TABLE 1
Parameters and values for the clonal selection algorithm used in our method.

Optimal Range of
Symbol Meaning Value Values

N number of antibodies (population size) 100 100 − 1000

d number of replaced low-affinity antibodies 20 10 − 300

n number of antibodies to be cloned 10 10 − 30

Λ multiplying factor in Eq. (11) 0.1 fixed
Nc number of clones per generation 190 190 − 390

Ne number of antibodies for elitism 10 10 − 100

Niter number of iterations for the CSA (generations) 200 100 − 2000

where Γ = [Γi,l] =

[

η−1
∑

k=2

ξl,ρ(ζk,Υ)ξi,ρ(ζk,Υ)

]

i,l=0,...,δ

and

Σ = [Σi] =

[

η−1
∑

k=2

Θkξi,ρ(ζk,Υ)

]

i=0,...,δ

.

Note that ∆T .∆ is a symmetric square matrix and
positive semidefinite, so system (15) always has a solution.
Depending on its internal structure, it can be solved nu-
merically by Gaussian elimination, LU decomposition, or
by using the singular value decomposition (SVD) [38].

The algebraic solution of (14) is given by: Ξ = ∆+.Θ,
where ∆+ denotes the Moore-Penrose pseudo-inverse of ∆.
Note that if the matrix ∆ has rank δ + 1, Γ is non-singular
(or equivalently, ∆T .∆ is invertible) and (15) defines Ξ

uniquely. Furthermore, an explicit formula for ∆+ is then
available as ∆+ = (∆T .∆)−1.∆T = Γ−1.∆T . Note also
that in this case ∆+ is a left inverse of ∆. Otherwise, ∆+

is defined by choosing Ξ to minimize ||Ξ||2 among the
solutions of (14).

After this procedure, the optimal vector of values for the
control points, denoted as C̄(q), is obtained.

5.2.3 Iterative Process

The two previous stages can be further repeated to increase
the accuracy. In particular, the following sequence is itera-
tively applied:

. . . −→
(

{P̄(q), B̄(q), W̄(q)}
)

−→ C̄(q) −→

−→
(

{P̄(q+1), B̄(q+1), W̄(q+1)}
)

−→ C̄(q+1) . . .

(16)

until a stopping criterion is met. In our case, until no further
improvement of the resulting solution is achieved.

5.3 Parameter Tuning

To apply our method to the NURBS curve reconstruction
problem, we need to specify two kinds of parameters,
related to the approximating NURBS curve and the own
method, respectively. For the former, the only input is:

1) the order of the approximating NURBS curve, ρ, and
2) the number of control points, δ,

which are freely chosen by the user. The choice of ρ is
important because low-order polynomials give little flexi-
bility in controlling the shape of the curve while high-order
polynomials can introduce unwanted wiggles and require
more computation. In this paper we consider third-order

NURBS curves. Note, however, that our method does not
depend on the value of ρ.

A more critical issue is the determination of suitable
values for the parameters of the modified clonal selection
algorithm. It is well known that the performance of meta-
heuristic methods such as the artificial immune systems
is strongly dependent on the values of their parameters.
Although some guidelines are given in the literature to
tackle this issue, such a selection is problem-dependent
and, therefore, it remains empirical to a large extent. Our
approach in this paper is a combination of both strategies:
good values described in the literature are used as an initial
seed to guide the process; then, they are further refined
through computer experiments. To this purpose, we have
analyzed experimentally the effects of the variation of pa-
rameter values on the performance of the method and on
the quality of the solution. As a result, we have derived the
set of parameter values reported in Table 1. The table shows
four different items (in columns): the symbol of the parame-
ter, its meaning, its selected value for this problem, and the
range of parameter values we tested. The selected values
are optimized as they provide a very accurate solution to
our problem while minimizing the computational cost. The
parameters analyzed in our study are:

• population size, Nab: it is well known that a certain
population size is required to promote exploration
of the search space in evolutionary algorithms. In
the case of AIS, some previous works suggested a
minimum of 100 antibodies for better efficiency. On
the other hand, larger values of Nab increase the
exploration capacity but also the number of function
evaluations (and hence, the runtime). In this paper,
we tested our method for population sizes ranging
from 100 to 1000 antibodies with step-size 100, and
obtained very similar results in all cases. Since larger
populations imply longer computation times without
any error improvement, a value of Nab = 100 is
recommended in this work.

• parameter d: this number describes the amount of
low-affinity antibodies replaced during the execution
to increase the exploration ability of the method. Its
choice is troublesome, since too low (high) values
degrade the exploration (exploitation) capabilities of
the method, respectively. In this paper, we tested
different values for this parameter ranging from 10
to 300 with step-size 10. Our computer simulations
show that the fitting error improves from 10 to 20,
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but no significant improvement is reached for higher
values. Therefore, we set this value to d = 20.

• parameter n: it represents the number of antibodies
to be cloned. This number is usually a percentage of
the population size, typically ranging from 10% to
30%, so we tested values for this parameter from 10
to 30 with step-size 10. We obtained similar fitting
errors in our simulations for all cases but larger
values of n mean longer runtimes and more storage
and capacity requirements, so we set this value to
n = 10.

• Λ: it is a multiplying factor in Eq. (11) combined with
the population size. Therefore, its value can be fixed
during the computation process of the algorithm. In
this paper, its value is set to Λ = 0.1.

• parameter Nc: it represents the number of clones
generated at each new generation. According to Eq.
(11), it is determined by the values of previous pa-
rameters Nab, n, and Λ. By doing so, the value of this
parameter ranges from 190 to 390 clones. The results
of our method do not change when we increase the
value of Nc over this entire range, but complexity
increases, so we take the lowest value Nc = 190.

• parameter Ne: it represents the number of antibodies
selected for elitism (i.e., the memory of the process).
In this paper, we tested different values for this pa-
rameter from 10 to 100 with step-size 10, but we did
not notice any significant difference in our results, so
we decided to keep this parameter to the minimum
value Ne = 10 in order to save computational time.

• number of iterations,Niter: this is a critical parameter,
because we need to ensure we reach convergence
without wasting unnecessary resources (i.e., itera-
tions) in the process. Once again, the optimal value
was determined empirically; the parameter was var-
ied in the range 100 to 2000 iterations with step-size
100. In our trials, 200 iterations are enough to reach
convergence. This is the value used in this paper.

After this parameter tuning, our algorithm is executed
for the chosen number of iterations. The antibody with the
best (i.e., minimum) affinity value is selected as the best
solution to the problem.

5.4 Computational Complexity

Regarding the complexity of the method, the main compu-
tational load is due to the affinity calculation, resulting in
O(Nab.(η + δ + σ − 1)) overall, selection and re-selection of
the highest-affinity antibodies (requiring O(Nab) and O(Nc)
in the worst cases, respectively) and hypermutation, requir-
ing O(Nc.(η + δ + σ − 1)) in our case. Therefore, the total
computational time is of order O((N +Nc).(η + δ +σ− 1)).
If the process is repeated iteratively during q cycles, the total
cost is O(q.(N+Nc).(η+δ+σ−1)). Finally, the computation
of the control points for the data fitting stage using either
SVD or LU decomposition requires O(δ3).

6 EXPERIMENTAL RESULTS

Our method has been applied to the reconstruction of four
outline curves in medical imaging from sets of noisy data

points. The first example, displayed in Figure 2, corresponds
to a color image of a MRI brain, shown on the left. From this
image, we obtained a list of 1558 scanned data points. The
scanning procedure is mostly optical, based on the color
map of the figure, and hence, some noise is introduced
during the process. The application of our method to this
data set yields the third-order NURBS curve that approx-
imates the data points better in the least squares sense. It
is displayed in Fig. 2 (middle). As the reader can see, the
reconstructed curve (labelled as Curve I onwards) exhibits
a very complicated shape, with several concavity changes
and turning points. Even in this case, our method is able
to recover the underlying shape of the data points with
very good quality. This good visual quality is confirmed
by our numerical results: we have obtained a RMSE of
8.778146 × 10−4. Figure 2 (right) shows the curve super-
imposed on the original image for better visualization. This
example shows the ability of our method to replicate intri-
cate shapes with high accuracy.

The second example, displayed in Figure 3, corresponds
to a gray tone image of a MRI brain, shown on the left.
In this case, three different closed outline curves - cor-
responding to boundaries between different tissues going
from the innermost to the outermost curve - are to be recon-
structed. They are labelled as Curve II, Curve III, and Curve
IV and displayed in Figure 3 (middle) in different colors:
blue, green, and red, respectively. They have been obtained
through automatic optical scanning with 778, 258, and 268
data points, respectively. The RMSE of the three curves are:
6.687015 × 10−4, 4.283281 × 10−4, and 6.768319 × 10−4,
respectively. Note that the geometry of the curves is more
irregular than it appears a first sight. This fact, common for
the three curves, is more noticeable visually for the blue and
red ones, as they contain many small regions with turning
points and sharp changes of direction and concavity. Still,
the method obtains very good results in all cases.

6.1 Implementation Issues

All computations in this paper have been performed on
a 2.6 GHz. Intel Core i7 processor with 8 GB. of RAM.
The source code has been implemented by the authors in
the native programming language of the popular scientific
program Matlab, version 2013b. In our opinion, Matlab is a
very suitable tool for this task: it is fast and provides reliable,
well-tested routines for efficient matrix manipulations. It
also contains a bulk of resources regarding the solving
of systems of equations. This feature proved to be very
valuable in case of ill-conditioned matrices, i.e., with too
large (or even infinite) condition number. This is a situation
that can actually happen in practice, for instance, when one
or several singular values in SVD decomposition are null or
very near to zero. Advisable answer to this problem is to
set reciprocals of such singular values to zero. Matlab com-
mand svd handles this situation for us. Similarly, when LU
decomposition is used instead, Matlab command lu returns
a suitable matrix factorization regardless the sparsity of the
matrix. Also, Matlab provides the command mldivide to
solve the equation (14) through specialized Matlab com-
mands for Gaussian elimination with partial pivoting and
singular value decomposition (SVD) for squared and non-
squared systems, respectively. Depending on the general
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Fig. 2. Application of our method to a brain MRI: (left) original MRI; (middle) reconstructed NURBS curve; (right) combination of both images for
better visualization. (Figure on the left: c©Nevit Dilmen. Used under Creative Commons license, BY-SA 3.0).

Fig. 3. Application of our method to a brain MRI: (left) original MRI; (middle) three reconstructed NURBS curves corresponding to the boundaries
of different tissues; (right) combination of both images for better visualization. (Figure on the left: c©Nevit Dilmen. Used under Creative Commons
license, BY-SA 3.0).

structure of matrix Γ, this command applies specialized
LAPACK and BLAS routines to get the best possible solution
to this system. The interested reader is referred to [38] for a
detailed description of all these numerical routines and their
efficient computer implementation.

6.2 Computational Execution Time

Regarding the computational times, it is well-known that
metaheuristic techniques are relatively slow and time-
consuming. The CPU times depend on many factors, such
as the complexity of the model, number of free parame-
ters, population size, number of iterations, computer and
programming language used for execution, and others. This
makes difficult to determine in advance the execution run-
time for a given example. For illustration, with the config-
uration described in this paper, it took about 4-6 minutes
for the first example, and between 2-4 minutes for the other
three examples. Although the CPU times that we obtained
make the method not well suited for real-time applica-
tions, they are still competitive and affordable for many

applications. They are not surprising either, considering the
large number of free variables of the problem. We remark,
however, that the emphasis of this method is not on the
computational speed, but on the accuracy of results.

For further assessment, we also implemented our
method in C++ and Java and compared their CPU times
with those of our code in Matlab. In our results, we found
that the execution in Java is much slower than in Matlab;
on the contrary, the code in C++ is slightly faster, but
not significantly. This can be explained by the fact that
our problem is very well suited for matrix representation
and handling, and matrices are exactly the fundamental
representation of information and data in Matlab. In general,
the routines in Matlab are extremely optimized for matrix
handling, something that does not happen in C++.

7 COMPARISON WITH OTHER APPROACHES

As discussed in Section 2, despite the great interest and
applicability of the curve reconstruction problem with B-
splines, most of the previous work reported in the literature
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TABLE 2
RMSE fitting errors with different methods for the four examples in this paper (best results are highlighted in bold).

Method Curve I Curve II Curve III Curve IV
uniform/uniform 7.016562E+1 2.601976E+1 3.514852E0 4.799686E0
uniform/arc-length 6.779406E0 1.763314E0 3.326017E-1 5.346517E-1
uniform/centripetal 4.831002E0 9.558726E-1 1.091571E-1 3.824439E-1
averaging/uniform 3.363111E0 9.875109E-1 4.692388E-2 8.836551E-1
averaging/arc-length 9.834209E-1 7.782215E-1 3.343125E-2 1.131625E-1
averaging/centripetal 8.177386E-1 4.668482E-1 2.917348E-2 9.586774E-2
ClonalG/centripetal [47] 1.235649E0 8.002491E-1 5.552783E-1 7.631058E-1
PESA [48] 3.953788E-1 9.510394E-2 3.918248E-2 5.114736E-2
averaging/PSO [44] 7.622518E-2 4.072311E-2 3.668523E-3 4.110793E-3
this method 8.778146E-4 6.687015E-4 4.283281E-4 6.768319E-4

is focused on simple cases, such as the explicit curves. For
the parametric case, only partial solutions are described,
based on computing only some of the free variables of the
problem, either the data parameters or the breakpoints. To
the best of our knowledge, no technique has addressed the
general B-spline curve reconstruction problem so far, much
less the more difficult case of NURBS curves. This fact is not
accidental, but a clear indication of the difficulty of this task.

This lack of previous references prevents any detailed
comparison with other general methods. Yet, it is possible
to make a comparison with other methods commonly ac-
cepted in the field, even although they provide only partial
solutions. This includes the three classical parameterization
methods indicated in Section 2: uniform, arc-length, and
centripetal, along with two methods for breakpoint place-
ment: uniform and averaging. Since solving the general
case requires the computation of both data parameters and
breakpoints, these partial approaches have to be combined,
yielding six feasible couples, given by the methods for
breakpoint placement and data parameterization, respec-
tively. They are listed in rows 1–6 in Table 2.

Other three methods for parametric B-spline curves
(listed in rows 7–9 of Table 2) can be found in the literature.
It is important to remark, however, that these methods do
not include weights; therefore, they cannot compute NURBS
but only strictly polynomial B-spline curves. The first one
applies an artificial immune system approach to compute
a breakpoint allocation from a centripetal parameterization
[47]. This immune approach is replaced in the second
method by a Pareto Envelope-Based Selection Algorithm
(PESA), a type of genetic algorithm well suited for multi-
objective optimization [48]. The third method computes the
breakpoints by the averaging method, while particle swarm
optimization (PSO) is applied for the data parameters [44].
Finally, the method proposed in this paper is considered in
row 10.

Table 2 reports the RMSE values for all these methods
(in rows) and the four examples (in columns) of this paper.
Best results are highlighted in bold for easier identifica-
tion. As the reader can see, the proposed method outper-
forms all other methods for all instances in the benchmark.
Among the classical methods, the uniform parameterization
is generally the worst. This is not surprising, since the
data points are not uniformly distributed. We can also see
that the centripetal parameterization is slightly better than
the arc-length, but they still perform very similarly. The
slight advantage of the centripetal parameterization is more

noticeable for Curves I and II, which exhibit sharp turns.
On the other hand, the averaging method for breakpoint
placement performs better than the uniform method for all
instances in the benchmark. This effect is due to the several
changes of concavity, which required more breakpoints to
be located around these areas for better fitting.

Although based on a powerful metaheuristic technique,
the method in [47] does not improve the classical meth-
ods. This can be explained by the fact that the method is
not continuous, but based on the conversion of the origi-
nal continuous optimization problem into a combinatorial
optimization problem. This conversion process introduces
large discretization errors, even for very simple shapes.
This discrete approach is also applied in [48], although
the fitting errors improve in all cases. The method in [44]
performs reasonable well: it improves the results of the
classical methods and those in [47], [48] significantly. Still,
its results are much worse than those with our method,
about one or two orders of magnitude, depending on the
given example. This result can be explained by the fact
that the method in [44] is only suitable for B-splines, but
not for NURBS. Consequently, it lacks the flexibility given
by the extra degrees of freedom provided by the weights.
As a conclusion, the method introduced here outperforms
previous methods in the literature by orders of magnitude
on the examples of our benchmark.

8 CONCLUSIONS AND FUTURE WORK

This paper addresses the problem of NURBS curve recons-
truction from sets of noisy data points with application to
the case of outline curves of medical images. The relevance
of this work comes from the fact that this is the first method
solving the full problem of curve reconstruction with NURBS.
By “full” we mean to compute all relevant free variables
of the problem. In that case, we are dealing with a diffi-
cult non-convex, nonlinear, high-dimensional, multimodal,
continuous optimization problem. Our method is based on a
combination of two techniques: an immunological approach
– called modified clonal selection algorithm – to perform
data parameterization, breakpoint placement, and weight
calculation, and least squares minimization to compute the
control points. This procedure is repeated iteratively (until
no further improvement is achieved) for higher accuracy.
Our analysis also include important issues such as a proper
parameter tuning for better performance, the computational
complexity, some implementation issues, and the compu-
tational time. The method has been applied to reconstruct
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four outline curves of different complexity from MRI brain
images with excellent results. Although there is no previous
method solving the full problem with NURBS, we have
still carried out a comparative analysis with other related
approaches in the field for completeness. Our computational
experiments show that our method outperforms all previous
approaches reported in the literature by orders of magnitude
for the examples described in this paper.

Main limitations of this method are the computation
time and the determination of the optimal order for the
NURBS curve. The first problem might arguably be partially
alleviated by parallelization, but it is still an open question
to determine the rate of improvement achieved with this
modification (if any). The determination of the optimal
value for the order would probably require to modify the
fitness function by introducing some kind of penalty term
modulating this factor. We tried some very preliminary
ideas on this problem with little success so far. On the other
hand, one of the reviewers suggested us to apply some
kind of self-adaptation scheme to our algorithm in order to
improve its performance. We find this idea promising and
would like to explore this approach in detail. All these issues
will be part of our future work in the field.
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